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Abstract

Canonical macroeconomic and financial models require credit to be equal to its

fundamental component, i.e., the net present value of the net flows to creditors. Per

this conventional view, credit booms are expected to precede increased flows to cred-

itors. However, data suggests otherwise. To rationalize the novel empirical findings,

we develop a model with financial frictions and heterogeneous firms, allowing for

the existence of credit bubbles. We show that a positive credit bubble shock raises the

aggregate credit and output while depressing the credit’s fundamental component

through firms’ precautionary savings.
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1 Introduction

Credit booms and busts accompanied by business cycles are reoccurring global events.
These events motivate expanding theoretical literature to uncover the mechanism for
credit cycles. While previous studies differ in many dimensions, they typically share
the following consensus view: credit is a promise of future net outflows to creditors in ex-
change for current net inflows. Built on this paradigm, canonical models feature obtained
credit equal to its fundamental component—the net present value (NPV) of future net
flows to creditors. It follows that credit booms are expected to be explained by increases
in the fundamental component and precede rises in the net flows to creditors.

This paper documents novel evidence that a credit boom is not followed by increases
in future net flows to creditors. More specifically, the net flows to creditors drop in the
short run before converging back to their initial level. Moreover, interest rates barely
change. We develop a quantitative model with financial frictions and heterogeneous
firms to interpret the empirical findings. Importantly, the model features credit bubbles,
i.e., firms can obtain some credits without exchanging future net outflows to lenders.1

Instead, future repayments to creditors are financed through future credits. These cred-
its are referred to as credit bubbles or indefinite rolled-over credits interchangeably. We
show that financial frictions, firm heterogeneity, and the newly introduced credit bubbles
can reconcile the empirical findings.

The empirical findings are constructed on the basis of a vector autoregressive (VAR)
model using aggregate data from the Financial Accounts of the United States for all cor-
porate and non-corporate non-financial firms. The estimated VAR provides estimates for
the effects of an innovation on the total liabilities on real GDP and, importantly, on future
net flows to creditors.2 In the baseline specification, we rely on credit cycles generated by
max-share innovations (see, e.g., Uhlig 2003 and Barsky and Sims 2011) to the total liabil-
ities. Specifically, we compute the innovation as the linear combination of reduced-form
residuals that maximizes the expected fluctuations in the total liabilities at the horizons
corresponding to the business cycle frequency. A positive innovation that increases the to-
tal liabilities today is accompanied by an expansion in aggregate production. The net flow
to creditors drops in the subsequent periods before converging to its steady-state value—

1We model credit bubbles in the spirit of Tirole (1985). See also Domeij and Ellingsen (2018), Farhi and
Tirole (2012), Ikeda and Phan (2019), and Martin and Ventura (2012) for some recent examples of rational
bubbles along this line in the literature.

2We consider the total liabilities in the data. The total liabilities are equal to the total debt in the model.
We use total liabilities and total debt interchangeably whenever the distinction between the two is clear.
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the Fact 1. The observation that the credit boom is not associated with future increases
in net flows to creditors needs to be emphasized. Real interest rates are not affected. In
addition, the paper presents evidence that the puzzling baseline empirical findings are
unlikely to be driven by statistical issues.

A linearized aggregate debt decomposition equation, together with the impulse re-
sponse functions estimated using the VAR, enable the computation of the responses of
the approximated fundamental component of the total liabilities in the spirit of Galí and
Gambetti (2015). Following a credit boom, the constructed fundamental component de-
creases significantly both economically and statistically—the Fact 2.

The baseline empirical findings are constructed based on reduced-form innovations.
The evidence suggests the presence of shocks that generate the puzzling relationship be-
tween current total liabilities and future flows to creditors. Documenting the empiri-
cal evidence we emphasize does not require that structural shocks be identified. Nev-
ertheless, we present two structural shocks that generate empirical findings similar to
those generated at the baseline. The first structural shock is the excess bond premium
(EBP) shock constructed by Gilchrist and Zakrajšek (2012), which measures credit sup-
ply changes orthogonal to firms’ fundamentals. The second is labeled non-fundamental
shocks in the credit market. We identify non-fundamental shocks in the credit market as
the shocks that, once shocks to the interest rate are controlled for, maximize the forecast
error variance decomposition of the liability-fundamental differential in the subsequent
periods. These two structural shocks, independently, generate credit booms not followed
by future increases in net flows to creditors. Our paper provides an alternative struc-
tural interpretation of Gilchrist and Zakrajšek (2012) EBP shocks. In the following, we ar-
gue that these two structural shocks may capture sentiment shocks—shocks to the credit
bubble—that could potentially explain the puzzling credit cycle dynamics.

We then build a model to provide a structural interpretation of the newly uncovered
facts. The model features standard elements of a workhorse model of firm heterogene-
ity and financial frictions. Our key innovation is relaxing the conventionally imposed
no-Ponzi-game condition, i.e., credit bubbles exist. Firms cannot take an infinite amount
of credit bubbles. Instead, the maximum amounts of the credit bubbles are exogenously
determined by market sentiment. Furthermore, credit bubbles are consistent with ratio-
nal expectations. The remaining fraction of debts—the traditional debts defined in the
literature—can be rolled over but not indefinitely.

We propose a novel financial shock called a credit bubble shock (or a rollover shock),
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defined as an unexpected change (driven by market sentiment) in the size of credit bub-
bles. Suppose the current market sentiment permits a firm to receive x from financial
intermediaries to roll over the bubble component of its debt. Following a rollover shock
of the size ϵ, the firm receives x + ϵ from the financial intermediaries. A positive (nega-
tive) ϵ implies an increase (a loss) in the debts to be indefinitely rolled over.

Credit bubble shocks affect the fundamental component of total debt through two
channels. On the one hand, a positive rollover shock is equivalent to an increase in firms’
net worth, which reduces firms’ default probability and, therefore, the borrowing cost.
This channel induces firms to increase the fundamental component of credit.

On the other hand, a positive bubble shock can induce firms to reduce the fundamen-
tal component due to the precautionary motive. More specifically, credit bubbles are fully
backed by the expectation of future credit bubbles rather than future net flows to credi-
tors. Unlike the credit fundamental component, increasing credit bubbles does not entail
future net flows to creditors and does not raise default risk. Following a positive credit
bubble shock, firms can protect themselves against non-insurable idiosyncratic shocks by
substituting the credit fundamental component with credit bubbles — the precautionary
saving channel. In contrast to a standard model of precautionary saving, this model fea-
tures firms self-insuring by borrowing more (through credit bubbles) rather than saving
more.

For a firm with moderate capital stock and net worth, the investment expansion mo-
tive is overwhelming, and therefore, a positive rollover shock increases the fundamental
component. In contrast, for a firm with relatively abundant capital and net worth, the
precautionary motive of self-insurance overrides the motive to expand investment. Thus,
a positive rollover shock reduces the fundamental component for those firms. The overall
effect of the proposed financial shock on the aggregate amount of fundamental compo-
nents depends on the distribution of firms.

We calibrate the model to match firms’ life cycles and financial characteristics in the
United States. The model predicts that a positive rollover shock stimulates aggregate out-
put and TFP. More importantly, unlike other fundamental shocks, a bubble shock in our
model generates a credit boom followed by declining net flows to creditors and funda-
mental credit consistent with Facts 1 and 2.3

3The other fundamental shocks considered in the paper includes shocks to the collateral values, pro-
ductivity, and news shocks (an anticipated increase in productivity).
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Literature Review The paper contributes to a growing literature on rational bubbles.
Like our study, Caballero and Krishnamurthy (2006), Farhi and Tirole (2012), Martin and
Ventura (2012), Ikeda and Phan (2019), and Asriyan et al. (2021) model bubbles as in-
trinsically useless assets (pyramid schemes) and argue that bubbles can potentially relax
financial constraints and stimulate investment and output. A different yet closely related
literature models asset bubbles as liquidity premium or safety premium, see, e.g., Kocher-
lakota (2009), Hirano and Yanagawa (2017), Miao and Wang (2018), Biswas et al. (2020),
and Dong and Xu (2022). This article is related to works on government debt bubbles, e.g.,
Hellwig and Lorenzoni (2009), Blanchard (2019), Domeij and Ellingsen (2018, 2021), and
Kocherlakota (2023), who model public debt bubbles as rollover of debts.4 Martin and
Ventura (2016) study credit bubbles in a framework with a representative firm. The cur-
rent paper is the first to present evidence on the co-movement between aggregate credit
and the fundamental component. Additionally, it is the first to develop a model with
firm dynamics, financial frictions, and credit bubbles. The model introduces a hitherto
unexplored mechanism that arises from firm heterogeneity and precautionary saving. Due
to these features, positive shocks in the non-fundamental credit crowd out fundamental
credit while leading to a prolonged increase in output.5

Our paper contributes to the extensive literature on credit cycles. The extant empir-
ical works document booms and busts in credit markets: see, for example, Claessens
et al. (2012), Covas and Haan (2011), Schularick and Taylor (2012), and Müller and Verner
(2021). The theoretical line of research seeks to account for the procyclicality of credit and
the magnitude of credit fluctuations by investigating the salience of financial frictions
and financial shocks, examples of which include Jermann and Quadrini (2012), Gorton
and Ordonez (2014), Azariadis et al. (2016), Guerrieri and Lorenzoni (2017), Perri and
Quadrini (2018), Kiyotaki and Moore (2019), Gertler et al. (2020), Cui and Kaas (2021),
and Asriyan et al. (2022). Those previous theoretical works exclude credit bubbles and
feature credit fundamental components as the only component of credits. Hence, these
models imply that credit fluctuations are completely aligned with the fundamental com-
ponent. Our model provides a new interpretation of financial shocks highlighted by, e.g.,
Jermann and Quadrini (2012), and more importantly, it reconciles the novel findings about

4See also related works by Reis (2021), Brunnermeier et al. (2022), and Miao and Su (2023), who model
public debt overvaluation as an outcome of safety premium or liquidity premium.

5These results are not present in a representative firm framework, as seen in, for example, Martin and
Ventura (2016). It can be shown that in their model, the fundamental credit component is always procyclical
and moves alongside credit bubbles when the economy is financially constrained.
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the co-movement between aggregate credit and the fundamental component.
Two closely related works are Azariadis et al. (2016) and Tang and Zhang (2022).

In Azariadis et al. (2016), the authors argue that the procyclicality of credit is primar-
ily driven by self-fulfilling fluctuations in unsecured credit. They note that unsecured
credit is similar to credit bubbles, as the size of unsecured credit depends on market senti-
ment. However, unlike the credit bubbles in our paper, the unsecured credit in Azariadis
et al. (2016) is part of the fundamental credit because it is backed by expected future net
flows to creditors. As a result, the empirical evidence emphasized in our paper remains
puzzling within Azariadis et al. (2016)’s framework.

Tang and Zhang (2022) examine equity price bubbles within a framework of compet-
itive markets and heterogeneous firms. They focus on bubbles occurring in a frictionless
equity market, rather than a frictional credit market as in our paper. Consequently, Tang
and Zhang (2022) does not consider the financial characteristics of firms’ debts, such as
leverage ratio and spreads, nor do they feature the precautionary motive discussed in our
paper. Furthermore, the empirical analysis conducted by Tang and Zhang (2022) suggests
that dividends, representing net outflows to shareholders, increase following an upswing
in the non-fundamental component of equity value.6 In contrast, our paper documents
the opposite pattern for firms’ debts.

Last but not least, our paper contributes to a vast body of research on heterogeneous
firms in macroeconomics and finance literature. Recent works focus on the relationship
between firm financing behavior and the transmission of business cycles. Some exam-
ples of those works are Gilchrist et al. (2014), Zetlin-Jones and Shourideh (2017), Crouzet
(2018), Begenau and Salomao (2019), Jeenas (2019), Albert and Caggese (2021) and Al-
faro et al. (2021). Furthermore, works by, for example, Baker et al. (2003), Eisfeldt and
Muir (2016), and Armenter and Hnatkovska (2017), document the precautionary saving
of firms. More specifically, our paper builds upon the theoretical models developed by
Khan and Thomas (2013), Arellano et al. (2019), and Ottonello and Winberry (2020). The
current paper contributes to this line of investigation by incorporating credit bubbles and
illustrating how firm heterogeneity affects the propagation of rollover shocks that ulti-
mately generate the puzzling reduced-form empirical evidence.

The remainder of the paper is organized as follows. Section 2 presents our empirical
findings. Section 3 develops the full model. Section 4 provides the predictions of the
model. Section 5 concludes.

6See the online appendix for Tang and Zhang (2022).
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2 Empirical Analysis

Section 2.1 develops a simple framework that guides the empirical analysis. Section 2.2
documents the data used in the paper. Section 2.3 discusses the empirical strategy. Section
2.4 presents the baseline empirical findings. Section 2.5 addresses potential statistical
issues. Section 2.6 provides additional evidence relying on structural shocks.

2.1 A Simple Framework

Our starting point is considering the cash flow (budget constraint) equation of the aggre-
gate non-financial firms at t:

RtDt−1 = Gross Savingt +△Equityt − Investt︸ ︷︷ ︸
St

+Dt, (1)

where, Dt is the real market value of total non-financial firms’ debt held by the market
at the end of period t, Rt denotes the average interest rate associated with Dt−1, and St

denotes the surplus of non-financial firms: gross saving (Gross Savingt) plus changes in
the market value of total equity (△Equityt) minus total investment (Investt). Note that the
total investment includes both capital and financial investments. Appendix 2.2 derives
the Equation (1), allowing for default, and shows that it holds in a market with bonds of
different maturities. Empirical measures of these variables are introduced in Section 2.2

Equation (1) can be interpreted as the following. Consider Dt as one-period debts.
Firms can repay their old debts and the associated interest payments (RtDt−1) either by
creating their surpluses (St > 0) and/or by taking a new debt (Dt > 0). The latter is called
debt rollover.

By moving Dt to the left hand side of the Equation (1), it is straightforward to see that
surpluses are equivalent to net flows to creditors (RtDt−1 − Dt):

RtDt−1 − Dt︸ ︷︷ ︸
Net outflows to creditors

= St︸︷︷︸
Surpluses

(2)

Henceforth, we use the terms surpluses and flows to creditors interchangeably. Equa-
tion (2) presents another way of understanding the cash flow equation. Increased debts
(Dt > RtDt−1) necessarily means firms are running deficits (St < 0). On the contrary, by
running surpluses at time t, firms repay old debts using their profits. Firms can also repay
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old debts by running zero surpluses, provided that they borrow new debts to repay the
old ones (Dt = RtDt−1).

Substituting Equation (1) forward obtains:

Dt = Et

∞

∑
h=1

( h

∏
j=1

R−1
t+j

)
St+j + lim

h→∞
Et

( h

∏
j=1

R−1
t+j

)
Dt+h. (3)

The above equation can be re-written as:

Dt = Ft + D∞
t , (4)

where

Ft ≡ Et

∞

∑
h=1

( h

∏
j=1

R−1
t+j

)
St+j (5)

D∞
t ≡ lim

h→∞
Et

( h

∏
j=1

R−1
t+j

)
Dt+h. (6)

Ft denotes the fundamental component of the debt backed by future surpluses. The lit-
erature typically assumes D∞

t = limh→∞ Et

(
∏h

j=1 R−1
t+j

)
Dt+h = 0, known as the no-Ponzi-

game condition. Without imposing this assumption, credit bubbles arise. We use the
terms ‘credit bubble’ and ‘indefinite rollover’ interchangeably throughout the paper to
describe D∞

t . As its equation indicates, credit bubbles represent debts that can be repaid
using future debts indefinitely.

We now re-state the objective of the empirical part of the paper. The existing literature
(see e.g., Jermann and Quadrini 2012, and Azariadis et al. 2016) typically assumes that
Dt = Ft. Per this view, the acquisition of new credit today should be accompanied by
increasing surpluses or declining interest rates in the future. We assess this assumption
in the data.

2.2 Data

We use data from the Financial Accounts of the United States, previously known as the
Flow of Funds Accounts. The Financial Accounts are parts of the US system of national
economic accounts that record the acquisition of assets throughout the US economy, doc-
ument the sources of the funds used to acquire those assets, and measure the value of
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total assets and liabilities. We combine Flows of Funds data for non-financial corporate
businesses and non-financial non-corporate businesses.

The total liabilities are the sum of the total liabilities for non-financial corporate and
non-financial non-corporate firms. The construction of the surplus (St) is straightforward,
given the data on gross saving, total investments, and changes in equities. The total
investment (investt) includes total capital expenditures and the net acquisition of financial
assets. The gross saving includes profit and foreign earnings retained abroad less net
capital transfers paid. The constructed St measures net flows to creditors holding the
total liabilities of non-financial corporate and non-corporate firms in the U.S. Appendix
2.1 presents detailed explanations about the data used in this paper and their sources.
Figure A.18 in the appendix plots the data we use from the Financial Accounts of the
United States.

As mentioned earlier, an alternative measure of net flow to creditors is Rt+1Dt − Dt+1.
This measure requires information on interest payments only available at an annual fre-
quency. Nevertheless, our findings are robust to the use of this alternative measure. The
detailed discussion is postponed to Section 2.5.

2.3 Empirical Strategy

This paper relies on the log-linearized version of Equation (1) to guide the empirical stud-
ies:

d̂t = (1 − ρ)ŝt+1 + ρd̂t+1 − r̂t+1, (7)

where x̂ denotes the log deviation of the variable X from its balanced growth path, ρ ≡
1

sd+1 , and sd denotes the surplus-to-debt ratio on the balanced growth path (BGP).
We consider a VAR model consisting of the following variables: real GDP (yt), total

liabilities (dt), surplus (s̃t), and real interest rate (rt) constructed using Moody’s Baa corpo-
rate bond yield. All nominal variables are deflated by the GDP deflator. To interpret the
results in percentage terms, real GDP and the total liabilities enter the VAR in logarithm.
The surplus is transformed into a percentage deviation from its sample mean as a fraction
of its mean in absolute value because it contains negative values. That is, s̃t ≡ St−S

|S| , where
S represents the sample mean of St.
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Let Yt ≡ [dt, s̃t,yt,rt]′, the reduced-form VAR model is:

Yt = B(L)Yt + Ut, (8)

where L is the lag operator, B(L) is the matrix of lag order polynomials, and Ut ≡ [ud
t ,us

t ,u
y
t ,ur

t ]

contains the reduced-form residuals.
The VAR model can be rewritten in the companion form:

Yt = AYt−1 + Ut,

where

Yt ≡


Yt
...

Yt−p+1

 ,A ≡



B1 B2 . . . Bp−1 Bp

IK 0 0 0
0 IK 0 0
... . . . ...

...
0 0 . . . IK 0


,Ut ≡


Ut

0
...
0

 .

K and p denote the number of variables and the number of lags, respectively.
The VAR model can inform us, on average, what will happen in the future, given

the current economic state. Formally, given the parameter estimates (B̂s) and the data
available at time t (Yt), the EtYt+h can be computed as:

Et(Yt+h|Yt) = AhYt.

For a given choice of reduced-form residuals, the average changes in Y at h periods ahead
(EtYt+h)—impulse response functions (IRFs)—can be easily computed.

The central objective of the empirical part is to document what happens to future sur-
pluses (Etst+h) when the current level of debt (dt) increases. Under rational expectations,
the impulse response of st+h to a shock at time t captures Et[st+h] conditional on the shock.

In the baseline, we consider the max-share innovations, which are constructed as the
linear combination of reduced-form residuals that maximizes the fluctuations in dt at the
business cycle frequency.

Importantly, we intend not to impose structural interpretations on these innovations
in the empirical part of the paper. These innovations generate credit cycles. We focus
on the co-movement and the cyclical properties of debt and future surpluses (flows to

10



creditors) in those credit cycles.

2.4 Empirical Results

Figure 1 plots the responses to a positive max-share innovation to the total liabilities. The
shaded areas indicate the 95% confidence bands constructed using the bootstraps tech-
nique. The point estimates and confidence bands are corrected for the small sample bias
following Kilian (1998)’s method. On average, a rise in debt is associated with an in-
crease in real GDP. This procyclicality of firms’ debt is well-documented in the literature,
see e.g., Covas and Haan (2011) and Jermann and Quadrini (2012). We replicate these
findings using an alternative empirical strategy that is based on a VAR.

Figure 1: Responses to Total Liabilities Innovations (Max-share)

Note: This figure plots the IRFs to a positive max-share innovation to total liabilities. The max-share inno-
vation is constructed as the linear combination of reduced-form residuals that maximizes the fluctuations
in total liabilities at the business cycle frequency. The shaded areas indicate the 95% confidence bands con-
structed using the bootstraps technique. The point estimates and confidence bands are corrected for the
small sample bias following Kilian (1998)’s method.

Interestingly, an innovation that drives up real debt is not followed by increases in
future surplus. In contrast, flows to creditors drop in the short run before converging
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back to their initial level. We label this novel observation as Fact 1. Formally, in Figure
1, one should compare the responses of real debt at time t with the surplus’ responses at
time t + h, ∀h ∈ N+. The observation that the credit boom is not associated with future
increases in net flows to creditors needs to be emphasized.7 Note that the real interest
rate changes insignificantly, both economically and statistically.

Robustness checks The baseline findings are robust to: (i) the use of pre-2008 recession
sample (Figure A.1); (ii) the use of max-share innovations to the total debts instead of
the total liabilities (Figure A.2); and (iii) the use of alternative innovations constructed
using zero restrictions (Figure A.3).8 Section 2.5 presents additional detailed discus-
sions/robustness checks that address potential statistical issues.

The Fundamental Component In the next, we compute the responses of the proxy of
the fundamental component of total liabilities, in the spirit of Galí and Gambetti (2015).
Linearize Equation (5) to obtain:

f̂t =
∞

∑
h=0

ρh [(1 − ρ)s̃t+h+1 − r̂t+h+1] , (9)

See Appendix 2.2.1 for detailed derivations.
The estimated VAR provides IRFs of s̃t+h and rt+h. Together with Equation (9), one

can compute the IRFs of f̂t. Figure 2 plots the results. The constructed fundamental
component decreases significantly in response to a positive innovation to total liabilities—
Fact 2. To compute the results displayed in Figure 2, we calibrate ρ to be equal to 0.95.
Assigning alternative values to ρ does not alter the result qualitatively: see Figure A.4.

Theoretically, the IRFs of the real interest rate might matter in the construction of the
responses of the fundamental component. However, as it can be seen in Figure 1, the
real interest rate constructed using the Baa corporate bond yield barely changes, which
is not because of the choice of interest rate. Figure A.5 plots the responses of the funda-
mental component constructed on the basis of alternative VARs that include other mea-
sures of real interest rates: the US corporate index effective yield, the BBB US corporate

7Quantitatively, surplus drops by 40% (of its sample mean) on impact. In the data, on average, the
surplus is approximately 6% of the real debt in absolute value. Therefore, the decrease in surplus is roughly
2.4% of the sample mean of real debt.

8More specifically, dt is ordered first in the VAR, and we impose the square root of the variance-
covariance matrix to be a lower-triangle matrix. Figure A.3 plots the IRFs to the innovations to dt—the
only shocks that affect dt contemporaneously.
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Figure 2: Responses of the NPV of Surpluses to Total Liabilities Innovations (Max-share)

Note: This figure plots the IRF of the NPV of surpluses to a positive max-share innovation to total liabilities.
This IRF is constructed using the IRFs of surpluses and the interest rate, according to equation (9). The
shaded areas indicate the 95% confidence bands constructed using the bootstraps technique. The point
estimates and confidence bands are corrected for the small-sample bias following Kilian (1998)’s method.

index effective yield, and the CCC & lower US high yield index effective yield. The right-
hand-side panels show that the US corporate index effective yield, computed on the basis
of corporate bonds of different qualities, reacts to the extent of less than 0.1 percentage
points in response to one standard deviation increase in the innovation to total liabili-
ties. The corporate bond yield computed using high-risk bonds—CCC & lower US high
yield index effective yield—decreases by 0.5 percentage points on impact. The left-hand-
side panels confirm that the responses of the approximated fundamental component are
barely affected by the use of alternative interest rates.

2.5 Discussions and Robustness Checks

The key empirical observation is that following an increase in total liabilities, the future
aggregate surplus does not increase. The remainder of the paper provides a theory ratio-
nalizing the findings. However, one might argue that statistical issues can account for the
findings. We address these potential concerns in this section.

Aggregation The aggregate cash flow Equation (7) guides the empirical analysis. We
now discuss whether and how firm heterogeneity affects the equation. The detailed dis-
cussion can be found in Appendix 2.3, where we derive the aggregate cash flow Equation
(7) with heterogeneous firms.
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Appendix 2.3 shows that the link between aggregate debt and future aggregate sur-
plus remains unchanged in a simple framework with heterogeneous firms. Therefore, the
co-movement between the debt and subsequent flows to creditors observed in the data
(Fact 1) remains a puzzle.

In an economy with heterogeneous firms, the aggregate cash flow equation features
an aggregate interest rate, a weighted average of firm-level interest rates. The weights of
various firms’ interest rates depend on the relative sizes of firms’ surplus and debt. In
robustness checks (discussed above in Figure A.5), we show that the response of the con-
structed fundamental component (Fact 2) is robust to alternative measures of aggregate
interest rates. Nevertheless, future empirical research exploring the flow of funds and
interest rates at the firm level can be fruitful.

Moreover, the theoretical model presented in Section 3 features heterogeneous firms
with entries and exits/defaults. The model serves as a laboratory for interpreting the
empirical findings. Simulation exercises presented in Section 4.1 suggest that the issue of
aggregation is no concern.

Small-Sample Bias One might argue that the estimated IRFs based on the VAR are sub-
ject to a small-sample bias. This is a typical issue for macroeconomic studies based on
postwar time-series data. To address this issue, for all IRFs estimated in the paper, we
have employed Kilian (1998)’s bias-corrected technique for the point estimates of the IRFs
and their confidence intervals. Kilian (1998)’s approach addresses the bias and skewness
of small-sample distributions of the IRFs.

Surplus and Flow to Creditors As mentioned above, in the data, one can measure flow
to creditors using St or, alternatively, RtDt−1 − Dt = Intt + Dt−1 − Dt with Intt denoting
interest payment associated with Dt−1. The baseline specification uses the former be-
cause the latter requires data on interest payments with the following limitations. First,
the constructed interest payments (Intt) contain imputed and estimated components and
are subject to bigger measurement errors. Second, Intt is only available at an annual fre-
quency. The two time series—St and Intt + Dt−1 − Dt—have a correlation of 0.9362 at the
annual frequency.

The following exercise provides a robustness check using Intt + Dt−1 − Dt as a mea-
sure of flow to creditors or surplus. Figure A.6 presents the findings: the baseline findings
are robust to the use of the alternative measure of surplus.
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Equities To address the concern that shocks to total equities are driving the empirical
findings, we re-estimate the VAR using the total liabilities, surplus, and the real GDP
rescaled by the total equities for non-financial corporate and non-corporate firms. Figure
A.7 plots the estimated results: the central message remains unaffected.

Misspecified VAR and a Bigger VAR Another concern is that the VAR could be mis-
specified, which could lead to biased estimates of IRFs. We address this concern in two
ways. First, in the data, we show that our empirical findings are robust to the estimation
of a bigger VAR model, which contains the following additional variables: total capital
expenditure, personal consumption expenditure, unemployment, and inflation. The esti-
mated results (see Figure A.8) are similar to those obtained in the baseline.

Second, the simulations of the theoretical model presented in Section 4.2 demon-
strate that the baseline VAR performs well in recovering the transition dynamics (IRFs) of
model.

Can the VAR Capture a Potentially Delayed Increase? One potential criticism is that
the data-generating process features a potentially delayed increase of surplus—it de-
creases in the short run but increases in the medium to the long run—that the VAR might
fail to capture.

If the delayed increases only occur far in the future, using a VAR model with variables
in the log level could be problematic because the response of a variable has to converge to
zero (or its pre-shock level) in the long run by construction. Note that the criticism relies
on the hypothetical assumption that a delayed increase occurs in the long run.

To address this concern, we estimate the same VAR model but using variables in the
first difference, for example, △s̃t. In the first differenced model, while a shock’s effect on
△s̃t has to die out in the long run, the implied effect on st does not need to converge to
zero. Figure A.9 plots the estimation results. The baseline findings are robust. When com-
pared with the baseline model, using variables in the first difference has the disadvantage
of differencing out a potential cointegration relationship in the VAR: a feature that leads
to the super-consistency of the parameter estimates.

Moreover, in Section 4.2, we show that, through the simulations of our quantitative
model, the baseline VAR model could capture a delayed increase in surplus if it were to
exist in the true data-generating process.
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2.6 IRFs to Structural Shocks

The baseline findings rely on reduced form innovations that have no structural inter-
pretations. Moreover, we are not arguing that all fluctuations in liabilities are associated
with declining future surpluses. Our findings suggest that there exist shocks that gen-
erate the puzzling negative relationship between current total liabilities and future flow
to creditors. The puzzling evidence we document does not require the identification of a
structural shock. The structural interpretation of these findings is provided through the
lens of the theoretical model provided in Section 3.

Nevertheless, it can be helpful to present evidence in response to structural shocks.
The following two exercises provide such evidence. The theoretical model in Section 3
argues that exogenous sentiment shocks (unrelated to fundamental shocks) are driving
the empirical findings. The following two exercises support this argument by providing
IRFs to non-fundamental shocks.

IRFs to EBP Shocks First, we estimate IRFs of the key variables to the excess bond
premium (EBP) shock constructed by Gilchrist and Zakrajšek (2012). The EBP captures
"deviations in the pricing of corporate bonds relative to the measured default risk of the
issuer." That is to say, EBP measures changes in the supply of credit to corporate firms that
are orthogonal to firms’ fundamentals. Following Gilchrist and Zakrajšek (2012), EBP
shocks are identified using short-run restrictions. Specifically, EBP shocks are assumed
to affect the excess bond premium and real interest rate contemporaneously but do not
affect other economic activities (other variables in the VAR) on impact.

Figure A.10 plots the IRFs to a negative EBP shock that raises credit supply. A negative
EBP shock is expansionary—real GDP increases, which is consistent with Gilchrist and
Zakrajšek (2012)’s original findings.

The current paper focuses on the effects on firms’ liabilities and cash flow activities.
Similar to the baseline reduced-form findings, Figure A.10 shows that in response to EBP
shocks, increases in Dt are not followed by increases in St.

IRFs to Non-fundamental Shocks in the Credit Market The following empirical anal-
ysis complements the previous exercise by providing an alternative identification strategy
to identify non-fundamental shocks in the credit market in the spirit of Tang and Zhang
(2022).

Our identification strategy relies on the following assumption. Apart from shocks
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to the real interest rate, among the remaining structural shocks in the economy, non-
fundamental shocks in the credit market are the ones that maximize the forecast error
variance decomposition of the liability-fundamental differential in the subsequent peri-
ods.9

This identification strategy differs from the innovations constructed in the baseline in
an important dimension. Many fundamental shocks, such as productivity and shocks
to firms’ collaterals, can drive fluctuations in total liabilities through their effects on the
fundamental component of total liabilities. The identification assumption here is that non-
fundamental shocks in the credit market form the primary source of fluctuations in the
liability-fundamental differential component.

Figure A.11 reports the IRFs to a positive non-fundamental shock. Non-fundamental
shocks produce the puzzling negative relationship between current total liabilities and
future flows to creditors.

In the remainder of the paper, we argue that sentiment shocks, specifically, changes in
the D∞

t component, can explain these empirical findings.

3 Model

Our model describes a dynamic economy with heterogeneous firms. Firms have access to
a frictional credit market, where they issue defaultable debt. The model extends canonical
firm dynamics models with financial frictions,10 by relaxing the no-Ponzi-game condition
for firm optimization problem, i.e., credit bubbles exist.11

3.1 Households

Time is discrete and infinite. There is no aggregate uncertainty. The economy is populated
by overlapping generations of risk-neutral households who live indefinitely. Households

9We apply the identification strategy to our VAR with rt being first in the order. The innovations to
rt constructed using the zero restrictions are called shocks to the real interest rate. The non-fundamental
shocks are the linear combinations of the remaining reduced-form residuals that maximizes the fluctuations
in d̂t − f̂t at the business cycle frequency.

10See for example Khan and Thomas (2013), Arellano et al. (2019), Ottonello and Winberry (2020).
11We model credit bubbles in the spirit of Tirole (1985). See also Domeij and Ellingsen (2018), Farhi and

Tirole (2012), Ikeda and Phan (2019), and Martin and Ventura (2012).
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maximize lifetime utility

Uit = Et

∞

∑
τ=0

βτCit+τ (10)

where β ∈ (0,1) is the discount factor, and Cit > 0 denotes the consumption of goods.12

The size of a given cohort remains fixed over time, and is 1 + g of the cohort size of its
predecessor, i.e., the size of the new cohort Mt follows

Mt+1 = (1 + g)Mt. (11)

Every period the population is joined by a cohort of increasing size; consequently, the
total population size grows at g.

3.2 Firms

Firms use capital to produce a homogeneous product. The product is sold in a friction-
less market. The price of the product is normalized to one. The production technology
displays decreasing returns to scale

yjt = At φjtkα
jt, (12)

with α ∈ (0,1). At denotes a common productivity component, identical across all firms.
φjt represents idiosyncratic productivity independent and identically distributed (i.i.d)
across different firms. k jt denotes predetermined capital stock, of which δk jt is depreciated
in the process of production. For any existing firm j, the idiosyncratic productivity φjt

follows a Markov process
log φjt+1 = ρ log φjt + ε jt+1, (13)

where ρ ∈ (0,1), ε jt ∼ N
(
0,σ2) ∀t, ∀j. Production incurs a fixed operation cost c f . The

profit of operating a firm j, before interest payment, is given by

πjt ≡ yjt − c f . (14)

Every period, the newborn households have the opportunity to create new firms that

12The setup is similar to a typical perpetual youth model, as developed by Blanchard (1985), who intro-
duces a constant probability of death of individuals. In our model, individuals survive forever, and thus
the model can be viewed as a special case of perpetual youth model with zero death probability. See also
Olivier (2000),Galí (2020), and Tang and Zhang (2022) for examples of perpetual youth and rational bubbles.
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start producing in the subsequent period. Each newborn individual has access to a unit
continuum of blueprints, which have the potential to become firms. We name these
blueprints potential entrants. Each potential entrant draws its idiosyncratic productiv-
ity from the distribution

φjt ∼ log N

(
−m

σ√
1 − ρ2

,n
σ2

1 − ρ2

)
,

where m and n capture the possible difference between the initial productivity draw and
the idiosyncratic productivity process.13 We label potential entrants who choose to enter
the market as entrants.

3.3 Creditors

Firms can issue one-period state-noncontingent debts but cannot issue new equity. Firms’
debts are purchased by a representative, perfectly competitive financial intermediary that
receives deposits from households. A firm j that promises to repay bjt+1 at t + 1 receives
qjtbjt+1 at t. The following breakeven condition pins down the average debt price sched-
ule qjt

qjtbjt+1 =
1

Rt+1

[(
pn

jt+1bjt+1 +
(

1 − pn
jt+1

)
γt+1k jt+1

)]
, (15)

where Rt+1 is the interest rate that creditors pay to households, γt+1 denotes the pledge-
ability of capital stock k jt+1, and pn

jt+1 denotes the probability of repaying. If a firm de-
faults, it repays to the extent of the collateral assets γtk jt to its creditors and exits the
market. Note that pn

jt+1 is an endogenous variable. We postpone the discussion of firms’
default decisions in Section 3.4.

The dividend of a surviving firm is given by

divjt = πjt − bjt − Ijt + qjtbjt+1. (16)

Rearrange Equation (16)
bjt = πjt − divjt − Ijt + qjtbjt+1.

13Potential entrants do not produce until they become firms in the subsequent period. Hence, the initial
draw can be interpreted as a signal of future productivity upon entering the market.
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Define the net flow to creditors ( f jt) as

f jt ≡

πjt − divjt − Ijt, with prob. pn
jt (if repay)

γtk jt, with prob. 1 − pn
jt (if default)

.

The breakeven condition (15) can be rewritten into

qjtbjt+1 =
1

Rt+1
Et
{

f jt+1 + qjt+1bjt+2
}

. (17)

Note that in (17), qjt+1bjt+2 = 0 if firm j defaults at t + 1, since firm j exits the market after
defaulting. Solving (17) forward leads to

qjtbjt+1 = Σ∞
τ=t

(
Πτ

i=t
1

Ri+1

)
Et f jτ+1 + lim

τ→∞

(
Πτ

i=t
1

Ri+1

)
Etqjτbjτ+1, (18)

which corresponds to the debt decomposition aforementioned in Section 2.1.

No-Ponzi-game Condition In the literature, it is conventionally imposed that, for all t,
firms are subject to

lim
τ→∞

(
Πτ

i=t
1

Ri+1

)
Etqjτbjτ+1 = 0. (19)

Equation (19) is typically referred to as the no-Ponzi-game condition. (17) and (19) imply
that

qjtbjt+1 = Σ∞
τ=t

(
Πτ

i=t
1

Ri+1

)
Et f jτ+1.

As long as the no-Ponzi-game condition (19) holds, the income of debt issuance is equal
to the NPV of future net flows to creditors.

Credit Bubbles We relax the no-Ponzi-game condition (19). Particularly, we allow bjt to
be composed of two types of debt

bjt = Fjt + Bjt.
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Fjt denotes secured debt from which the lenders can retrieve γt+1k jt+1 if firm j defaults at
time t + 1. The income from issuing Fjt+1 is equal to

qF
jtFjt+1 =

1
Rt+1

[(
pn

jt+1Fjt+1 +
(

1 − pn
jt+1

)
γt+1k jt+1

)]
, (20)

where qF
jt denotes the price of Fjt+1. Besides, the issuance of Fjt+1 is subject to the no-

Ponzi-game condition, i.e.,

lim
τ→∞

(
Πτ

i=t
1

Ri+1

)
EtqF

jτFjτ+1 = 0. (21)

In addition, Bjt denotes unsecured debt, from which the lenders cannot retrieve any
collateral upon default. The income from the issuance is equal to

qB
jtBjt+1 =

1
Rt+1

pn
jt+1Bjt+1, (22)

where qB
jt denotes the price of Bjt+1. As opposed to Fjt+1, the issuance of Bjt+1 is not

subject to the no-Ponzi-game condition. Instead, we impose an alternative restriction: for
any incumbent firm j

qB
jtBjt+1 ≤ Bjt. (23)

(23) implies that incumbent firm j can fully roll over its existing unsecured debt Bjt, but
not issue new extra unsecured debt. In addition, we assume that potential entrants can
issue

qB
jtBjt+1 ≤ sjtB0, (24)

where sjt ∈ {0,1} is i.i.d. across potential entrants. sjt = 1 with the probability pB. 1− pB of
potential entrants are subject to no-Ponzi-game condition and can only issue the secured
debt Fjt+1.

Note that the unsecured debt described above is analogous to the "unbacked public
debt" by Hellwig and Lorenzoni (2009). We discuss the relevance and interpretations of
constraints (23) and (24) in Section 3.6.

In a nutshell, firms can only issue a secured debt Fjt, that cannot be indefinitely rolled
over, and an unsecured debt Bjt, that can be indefinitely rolled over. Section 3.6 general-
izes this assumption and shows that the findings are unaffected.

21



3.4 Timing

Each period t consists of multiple stages for a firm to take action. At the beginning of a
period, all shocks are realized. Firms then choose whether to default on their outstanding
debts. If they default, they lose all the capital stock and exit the market immediately
before production takes place. A fraction of the capital stock, γtk jt, is retrieved and repaid
to their creditors. The rest of the capital stock is lost in the liquidation process. Firms that
decide not to default produce according to the production function (12).

After production, firms (i) repay their debt to the creditors, (ii) choose the dividends
for their shareholders, and (iii) decide how much to invest for future production. The
investment is funded by internal resources and external finance via one-period state-
noncontingent debts. We impose a standard simplifying assumption in macro-finance
literature: firms are prohibited from financing through equity. In other words, they can-
not pay negative dividends to their shareholders. Meanwhile, entrants enter the economy
and make investments. All entrants start with zero capital stock and can only borrow
through the frictional debt market.

It is important to note that firms only default if paying negative dividends is in-
evitable. The value of default is zero; thus, firms only voluntarily default if the value
of repaying debt is negative. However, the value of repaying debt is equal to the sum
of current and discounted future dividends, which are always non-negative. Therefore
firms only default if production inevitably leads to negative dividends.

The optimization problems of existing firms and potential entrants are formalized in
Section 3.5.

3.5 Equilibrium Analysis

Firms’ Optimization Problem Define net worth xjt as

xjt ≡ πjt + (1 − δ) k jt − Fjt − Bjt.

Net worth is equal to the profit of operating net of the debt repayment (bjt, that is, the
sum of Fjt and Bjt) in addition to the un-depreciated capital. Hereafter, we suppress the
subscripts of variables in functions to minimize the notational burdens. For notation
ease, we use λ ≡ {B, x} to denote idiosyncratic state variables other than idiosyncratic
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productivity φ. The value function of an incumbent firm is given by

Vt (φ,λ) = max
F′ ,B′ ,k′

{
x − k′ + qF

t
(

φ, F′, B′,k′
)

F′ + qB
t
(

φ, F′, B′,k′
)

B′ +
1

Rt+1

∫
Vt+1

(
φ′,λ′)dJ

(
φ′|φ

)}
, (25)

x − k′ + qF
t
(

φ, F′, B′,k′
)

F′ + qB
t
(

φ, F′, B′,k′
)

B′ ≥ 0, (26)

qB
t
(

φ, F′, B′,k′
)

B′ ≤ B, (27)

where Vt (φ,λ) denotes the value function of an incumbent firm, and J (φ′|φ) represents
the transition probability of φ.14 The choice of control variables is subject to (26), the non-
negative-dividend constraint, and (27), the limit on B′—the debt that can be rolled over
indefinitely. Note that every firm uses 1

Rt+1
as the discount factor for future dividends. First,

every single firm generates the same expected return, otherwise the market for shares
cannot be cleared as risk-neutral investors only purchase shares with the highest expected
return. Second, the expected return on shares is equal to the interest rate paid by the
financial intermediary on deposits. On the one hand, if the expected return on shares is
higher than the interest rate, there is no lending and the credit market cannot be cleared.
On the other hand, if the expected return on shares is less than the interest rate, the market
for shares cannot be cleared as investors have no incentive to hold shares.15

Similarly, the value function of a firm entry is equal to

Ve
t (φ, s) = max

F′ ,B′ ,k′

{
−k′ + qF

t
(

φ, F′, B′,k′
)

F′ + qB
t
(

φ, F′, B′,k′
)

B′ +
1

Rt+1

∫
Vt+1

(
φ′,λ′)dJ

(
φ′|φ

)}
,(28)

−k′ + qF
t
(

φ, F′, B′,k′
)

F′ + qB
t
(

φ, F′, B′,k′
)

B′ ≥ 0, (29)

qB
t
(

φ, F′, B′,k′
)

B′ ≤ sB0. (30)

where Ve
t (φ, s) denotes the value function of an entrant. s ∈ {0,1} determines whether

a firm receives indefinitely rollover-able credit: s = 1 implies that the firm can issue an
indefinitely rollover-able debt B0, otherwise (s = 0) the firm’s total debt is subject to no-
Ponzi-game condition. A potential entrant enters the market if and only if

Ve
t (φ, s) ≥ 0.

14This paper assumes that there is no equity price bubble. See Tang and Zhang (2022) for a model of
equity price bubbles and firm dynamics.

15Throughout this paper, we assume a unique solution to policy functions and value functions exists.
Following the typical procedure in the literature, we verify that our iterative numerical solution leads to
the same results, given different initial guesses. We also assume that the probability of repayment is greater
than zero over the state space, verifiable in the numerical exercise.
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Proposition 1. ∀t, it is optimal for an incumbent firm j to choose

qB
jtBjt+1 = Bjt, (31)

and for an entrant j to choose
qB

jtBjt+1 = sjtB0. (32)

Proof. See Appendix 3.1.

The intuition for Proposition 2 is the following. Firms can persistently roll over a
fraction of their debt, B, without using their own resources ( f in Equation (18)) to repay
B. Therefore, it is always optimal to maximize borrowing this type of debt. Henceforth
we impose (31) and (32) in the following analysis.

Note that there exists no upper bound for Bjt as firms permanently roll over these
debts. However, in equilibrium, the aggregate credit/GDP ratio should be limited. Oth-
erwise, resources would be depleted, and rational expectations can rule out the equilib-
rium (Tirole 1985). In Section 3.6, we present the existence condition for a sustainable
aggregate credit bubble along a balanced growth path.

Equation (27) implies that incumbents can only roll over the existing B but cannot
issue an extra B. Without constraints (27) and (30), firms would borrow unlimited amount
of B. The existing macroeconomic models typically impose the no-Ponzi-game condition
so that the optimization problem is well defined. We impose (27) and (30) as an alternative
for the no-Ponzi-game condition.

The debt decomposition Equation (18) can be rewritten into

qF
jtFjt+1 + qB

jtBjt+1 =Σ∞
τ=t

(
Πτ

i=t
1

Ri+1

)
Et f jτ+1 + lim

τ→∞

(
Πτ

i=t
1

Ri+1

)
Et

(
qF

jτFjτ+1 + qB
jτBjτ+1

)
.

(33)
According to Equations (22) and (31)

qB
jtBjt+1 =

1
Rt+1

EtBjt+1 =
1

Rt+1
EtqB

jt+1Bjt+2. (34)

Solving (34) forward

qB
jtBjt+1 = lim

τ→∞

(
Πτ

i=t
1

Ri+1

)
EtqB

jτBjτ+1. (35)

24



Combining (33) and (35), we get

qF
jtFjt+1 = Σ∞

τ=t

(
Πτ

i=t
1

Ri+1

)
Et f jτ+1. (36)

Equation (36) implies that qF
jtFjt+1 is equal to the NPV of future net flows to creditors,

which we label as fundamental credit, or the fundamental component. Equation (35)
demonstrates that qB

jtBjt+1 is not backed by future flows to creditors, but instead by future
credits. We label qB

jtBjt+1 as the bubble component.

Reformulating Firms’ Optimization Problem Define adjusted net worth

x̃jt ≡ xjt + qB
jtBjt+1 = πjt + (1 − δ) k jt − Fjt. (37)

Proposition 2 enables us to reformulate the optimization problems. First, the idiosyncratic
states can be fully summarized by φ, x̃. Therefore we can replace λ with x̃. Second, since
B′ can always be rolled over, it does not affect the expected dividend upon production and
the probability of default. Thus we can omit B′ in the price schedule function. Henceforth
we redefine the price schedule function by qF

t (φ, F′,k′), removing B′ from the original debt
price schedule function qF

t (φ, F′, B′,k′) in (25)-(27), and (28)-(30).
In a nutshell, (25)-(27) can be rewritten into

Vt (φ, x̃) = max
F′,k′

{
x̃ − k′ + qF

t
(

φ, F′,k′
)

F′ +
1

Rt+1

∫
Vt+1

(
φ′, x̃′

)
dJ
(

φ′|φ
)}

, (38)

x̃ − k′ + qF
t
(

φ, F′,k′
)

F′ ≥ 0. (39)

(28)-(30) can be rewritten into

Ve
t (φ, s) = Vt (φ, sB0) . (40)

(38) and (39) describe a typical financially-constrained optimization problem in the
literature.16 We follow a standard numerical method to solve for the value functions and
policy functions. The details are presented in Appendix 4.

16For example, see Ottonello and Winberry (2020).
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Dynamic Equilibrium A dynamic equilibrium should include value functions, policy
functions, prices, and the measure of firms, such that (i) firms and households optimize,
(ii) the law of motion of firms’ distribution is consistent with firms’ decision-making, and
(iii) all markets are cleared. We define the equilibrium of our model in Appendix 3.2.

Our analysis focuses on a balanced growth path (henceforth BGP) and transition dy-
namics around it. Along the BGP, the relative distribution of firms remains unchanged,
but the number increases at g. The interest rate Rt is equal to 1

β along a BGP: if Rt >
1
β , no

one ever consumes, and the transversality condition is violated; if Rt <
1
β , the credit and

equity market cannot be cleared as no one invests.

3.6 Discussions

Appendix 3.5 presents a stylized example to help develop intuition about credit bubbles
and to provide a better understanding of the purposes of the model assumptions and the
main results in our full model.

Below, we discuss selected features and assumptions of the model.

Self-enforcing Debt Unsecured debts (credit bubbles) described by (23) and (24) are
analogous to "self-enforcing private debts" and "unbacked public debts" by Hellwig and
Lorenzoni (2009). As implied by (34), ∀j, t

qB
jtBjt+1 =

1
Rt+1

EtBjt+1 =
1

Rt+1
EtqB

jt+1Bjt+2,

firms have no incentive to default on unsecured debts as the debts are perpetually repaid
by future debt from lenders. The right-hand-side of (34) can be viewed as collateral, even
though the collateral is composed of future debts rather than assets or future revenues.17

Defaulting leads to the loss of this collateral, meaning that firms lose access to the future
debts 1

Rt+1
EtqB

jt+1Bjt+2.
(34) has three major implications. First, in our setup, firms’ unsecured debt reaches the

limit that can be covered by future indefinite rollover, which is represented by 1
Rt+1

EtqB
jt+1Bjt+2.

If a firm borrows more than this limit, the debtor would need to commit future net out-
flows to creditors, and the additional debt (that exceeds the limit) would no longer be

17The concept of collateral here is analogous to the notion of "bubbly collateral" proposed by Martin and
Ventura (2016).
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equivalent to a credit bubble.18

Second, as the unsecured debts are, in fact, fully secured by future rollover, taking
these debts does not incur any future net outflows. Therefore taking these debts does not
affect firms’ default probability and borrowing cost, given idiosyncratic productivity φ

and decisions F′ and k′.
Third, since a firm can issue unsecured debts without raising its borrowing cost, if it

were allowed to issue its own preferred level of unsecured debts, it would choose to issue
an infinite amount of unsecured debt (and pay infinite dividends) and roll over the debts
perpetually. This is why in our model (and in many other models of rational bubbles),
firms are not allowed to issue an unconstrained level of unsecured debts (credit bubbles);
instead, the unsecured debt are limited by the bubbly collateral, which is determined by
sentiment, or market expectation of future debts.19

Debt Decomposition Until now, we have studied a scenario where indefinite rollover
arises only in unsecured debts. The drastic assumption is for clarification purposes. In
Appendix 3.3, we demonstrate that Fjt and Bjt are respectively equivalent to fundamental
component and non-fundamental/bubble component of total debt bjt, in a more generic sce-
nario.

Specifically, Appendix 3.3 demonstrates that provided a firm can indefinitely roll over
a fraction of its debts, regardless of whether these debts are secured by collateral, it solves
the optimization problem as if it would issue only the two types of debts, F and B, which
are defined in Section 3.3.

In a nutshell, although in reality firms may not necessarily issue the specific unsecured
debt B as described in Section 3.3, as long as their debts contain a bubble component, one
can view the credit bubble component as the unsecured debts.

The Sustainability of Bubbles As firms can permanently roll over a fraction of their
debts, no upper bound exists for the firm-level credit/output ratio. However, in equilib-
rium, the aggregate credit/GDP ratio should be limited. Otherwise, the resources in the
economy are insufficient to sustain the credit market. In Appendix 3.4, we demonstrate
that indefinite rollovers are sustainable on a BGP only if β (1 + g) > 1, i.e., R < 1 + g.

18In their study of unsecured debt, Azariadis et al. (2016) note the similarity between unsecured debts
and bubbles as the size of unsecured debts depends on market sentiment. However, unlike our indefinite
rollover component, unsecured debts in Azariadis et al. (2016) are backed by expected future net flows to
creditors; therefore, those debts belong to the fundamental components.

19See also Hellwig and Lorenzoni (2009) and Martin and Ventura (2016).
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Table 1: Fixed Parameters

Parameter Description Value
α Decreasing returns to scale 0.65
δ Depreciation rate 0.10
β Discount factor 0.98
g Growth rate 3.2%
A Common TFP component 1
γ Pledgeability of capital stock 0.916
ρ Idiosy. shock persistence 0.70
σ Idiosy. shock volatility 0.38

Note: This table reports fixed parameters.

4 Results

Calibration We calibrate the model along a BGP at an annual frequency. Table 1 lists
the fixed parameter values. We choose the decreasing returns to scale α = 0.65, and the
capital depreciation rate δ = 0.1. We set the discount factor β = 0.98, implying that R =

1.02. The growth rate is set to g = 3.2%, corresponding to the average growth rate of real
GDP in the U.S. between 1948 and 2019. Using the estimate by Hennessy and Whited
(2007), we set the pledgeability γ = 0.916. Without loss of generality, we set common TFP
component A = 1. Finally, regarding idiosyncratic productivity shocks, we choose ρ = 0.7
and σ = 0.38 to match the estimates by İmrohoroğlu and Tüzel (2014).

Table 2 presents our calibration of the remaining parameters. We target three types
of moments. First, we target moments regarding business dynamism. We use the data
from Business Dynamics Statistics (BDS) to compute the share of new establishments, the
exit rate among new establishments, and the share of establishments at age 4. Second, we
target the investment behavior of firms: the mean investment rate as reported by Crouzet
and Mehrotra (2020), who use the extensive micro data underlying the Quarterly Finan-
cial Report by the US Census Bureau. Finally, we target firms’ financial characteristics.
We compute the mean spread, measured by the yield on BAA-rated corporate bonds rel-
ative to a 10-year treasury bond, and the mean leverage ratio, as reported by Crouzet and
Mehrotra (2020). Panel A lists the estimated parameter values that minimize the differ-
ence between the targets and their model-implied counterparts. Panel B reports the target
values and model fitness.

Overall, our model fits most of the selected moments well. The model tends to over-
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Table 2: Calibration and Model Fit

Panel A: Calibrated Parameters
Description Parameter Value
Mean shift of entrants’ prod. m 0.215
Std shift of entrants’ prod. n 0.014
Initial bubble component B0 207.4
Fixed cost of production c f 2.831
Fraction of bubbly potential entrants pB 0.038

Panel B: Targets and Model Fit
Moment Data Model
Share of new establishments 0.087 0.061
Share of four-year-old establishments 0.045 0.030
Exit rate of new establishments 0.244 0.200
Mean investment rate 0.263 0.553
Mean spread 0.024 0.013
Mean leverage ratio 0.344 0.344

Note: This table reports the calibrated parameters, the moments used in the calibration, and the model fit.

predict the mean investment rate and underpredict the mean spread. One potential ex-
planation is the lack of adjustment cost in our model.20 Hence, in the model, young firms
can quickly accumulate capital stock and lower the borrowing cost, leading to a high
mean investment rate and a low mean spread relative to the data.

4.1 Impulse Responses

The structural model can be used as a laboratory to assess the effects of various shocks.
We compute the transition dynamics following unexpected shocks. The shocks are real-
ized at t = 0, before which the economy is on its BGP. We assume the economy follows a
perfect foresight equilibrium path from t = 1 and returns to BGP at t = 100.

Rollover Shocks We follow Martin and Ventura (2016) and consider a shock to credit
bubble components. According to Equation (31), in the absence of aggregate shocks, in-
cumbent firm j is supposed to receive qB

jtBjt+1 = Bjt to renew the existing Bjt at t. We

20Incorporating capital adjustment cost would introduce an additional state variable k to the value func-
tion maximization problems studied in Section 3.5, albeit not qualitatively affecting the mechanism we
detail below to rationalize the dynamics of credit fundamental component.
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assume that at t = 0, firms receive a shock at their borrowing constraint (23):

qB
jtBjt+1 ≤ (1 + ϵB)Bjt, (41)

where ϵB > 0 represents a surprise increase in the bubble component. Similar to (31)
and (32), it is optimal for firms to set qB

jtBjt+1 = (1 + ϵB)Bjt.21 Along the perfect foresight
equilibrium path afterward, incumbent firms can only roll over the existing indefinite
rollover component, i.e., qB

jt+h−1Bjt+h = Bjt+h−1, ∀h > 1.
As in Martin and Ventura (2016), such a shock can be interpreted as a change in market

sentiment or expectation. The newly issued ϵBBjt, together with the existing Bjt, are rolled
over period by period after t. According to (34),

qB
jtBjt+1 =

1
Rt+1

EtqB
jt+1Bjt+2 = lim

τ→∞

(
Πτ

i=t
1

Ri+1

)
EtqB

jτBjτ+1.

Hence a surprise increase in qB
jtBjt+1 is driven by a change in the market expectation of

future credit bubbles. As aforementioned, the RHS of (34), EtqB
jt+1Bjt+2, can be viewed

as the collateral for credit bubbles. The rollover shock raises the debt capacity for credit
bubbles by increasing the value of "bubbly collateral", i.e., the expectation of future credit
bubbles.

Such a shock is equivalent to an unexpected increase in firms’ adjusted net worth. For
incumbent firms

x̃jt ≡ xjt + qB
jtBjt+1 = πjt + (1 − δ) k jt − Fjt + qB

jtBjt+1 − Bjt,

where k jt, Fjt, and Bjt are predetermined, and πjt is determined by φjt and k jt. In the
absence of rollover shocks, qb

jtBjt+1 = Bjt. As to the incumbents with Bjt > 0, the rollover
shock at t = 0 induces qb

jtBjt+1 − Bjt = ϵBBjt > 0, which implies an unexpected increase by
ϵBBjt in x̃jt.

Figure 3 plots the impulse responses to the rollover shock. The positive rollover shock
allows firms to borrow more (using credit bubbles) and thus stimulates aggregate output,
TFP, and credit. Relative to the output increase, the credit expansion is disproportionately
large. Contrary to conventional wisdom, the credit boom coincides with a persistent drop
in the net flow to creditors (surplus) and fundamental credit. Despite the fundamental
credit declines following the rollover shock, the total credit increases due to the rise in

21See Appendix 3.1.
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Figure 3: Model Prediction: Responses to Indefinite Rollover Shocks
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Note: This figure plots the IRFs to indefinite rollover shocks in the model. The shock is normalized to
increase the aggregate liability on impact by 1%.

credit bubbles.
Additionally, we plot the NPV of the aggregate surpluses, as in Section 2.4. Note that

the NPV of the aggregate surpluses is not necessarily equal to the aggregate fundamental
credit. Figure 3 shows that the impulse responses of the NPV of the aggregate surpluses
are qualitatively analogous to the impulse responses of the aggregate fundamental credit.

Understanding the Mechanism We now discuss the mechanism. As aforementioned,
the rollover shock is equivalent to an increase in adjusted net worth. Figure 4 plots the
policy functions of firms along the BGP, as functions of adjusted net worth x̃. The left-
hand-side panel considers firms with relatively high productivity. Capital investment k′

is increasing in x̃, whereas fundamental credit qF
jtFjt+1 is non-monotone in x̃. As to firms

with low x̃, collateral assets are scarce, and the increase in x̃ helps boost fundamental

31



Figure 4: Model Mechanism: Policy Functions
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Note: This figure plots the policy functions. Specifically, the figure plots the fundamental debt (solid red
line) and capital (dashed blue line) as functions of the adjusted net worth. The dotted green line plots the
distribution of firms. The left (right) panel plots the policy functions for firms with log φ 1.25 standard
deviation above (below) the unconditional mean of the idiosyncratic productivity process. The unit on
the horizontal axis is the standard deviation of the adjusted net worth of all firms. The 0 points on the
horizontal axis represent the cutoff adjusted net worth levels below which firms default, given different
productivity levels.

credit to increase investment further. On the contrary, firms with high x̃ likely have accu-
mulated abundant capital stock. These firms are prone to insure against idiosyncratic risk
by saving the newly gained adjusted net worth to lower fundamental credit. The right-
hand-side panel considers firms with relatively low productivity, whose desired level of
capital of which is relatively low. The precautionary channel dominates, and therefore,
the fundamental credit qF

jtFjt+1 is monotonically decreasing in x̃. In summary, the shock
has heterogeneous effects across firms. The overall effects of the rollover shock depend
on the distribution of φ, x̃, and B across firms.

The precautionary channel highlighted above is novel to the literature. First, as other
firm dynamics models with financial frictions, our model features uninsurable idiosyn-
cratic risk, which gives rise to precautionary saving. Second, similar to Hellwig and
Lorenzoni (2009) and Martin and Ventura (2016), our model considers future debts as
collateral. On the one hand, credit bubbles are fully secured by future credit bubbles.
Given idiosyncratic productivity φ and decisions k′ and F′, increasing credit bubbles does
not raise firms’ default probability. On the other hand, fundamental credit F′ entails fu-
ture net outflows to creditors and increases default risk. Therefore, firms can substitute
fundamental credit with credit bubbles to reduce the future probability of default if they
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are allowed to issue more credit bubbles. Hence, in our model, firms can borrow more
to become safer. This contrasts a standard model of precautionary saving, where agents
typically need to save more (or borrow less) to increase their safety.

Finally, note that precautionary saving arises in risk-neutral firms since non-insurable
idiosyncratic shocks may increase default probability and, consequently, the borrowing
cost. Hence financially constrained firms are incentivized to insure against idiosyncratic
risks through accumulating financial wealth or reducing fundamental credit.22

Other Financial Shocks Rollover shocks belong to the broader class of financial shocks
that change firms’ financing conditions and borrowing capacity. We compare the rollover
shock with a standard reduced-form financial shock: a shock to pledgeability γ. We as-
sume γ increases unexpectedly by ϵ at t = 0, and the increment decays at the rate ργ = 0.8
per period. At t = 100, γ reverts to the BGP level.

Figure A.12 plots the impulse responses to the pledgeability shock. The pledgeability
shock boosts the aggregate output, TFP, and credit. Overall, the pledgeability shock and
the rollover shock have qualitatively similar aggregate implications. However, unlike
the rollover shock, the pledgeability shock also raises the future net flows to creditors
(following a short-run decline) and the fundamental credit. The increase in fundamental
credit drives the increase in total credit entirely. These results are qualitatively consistent
with the results obtained in the literature.

In a nutshell, incorporating credit bubbles provides a novel interpretation of financial
shocks that give rise to credit cycles, highlighted by, e.g., Jermann and Quadrini (2012)
and Khan and Thomas (2013). More importantly, shocks to credit bubbles reconcile our
empirical findings that credit booms coincide with a declining fundamental component
and are followed by declining net flows to creditors.

Productivity and News Shocks We now turn to the effects of real shocks. First, consider
a shock to the common TFP component At. At t = 0, At increases by ϵA. The innovation
falls at the annual rate ρA = 0.8 from t = 1 to t = 99 and reverts to zero at t = 100. The im-
pulse responses of the productivity shock are displayed in Figure A.13. The productivity
shock immediately stimulates the aggregate output, TFP, and credit, as well as funda-
mental credit. On impact, the shock dampens the net flows to creditors in exchange for
a sequence of positive net flows in the future. This corresponds to the increase in the

22See, e.g., Khan and Thomas (2013) and Ottonello and Winberry (2020).
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fundamental credit. Note that there is barely any fluctuation in the non-fundamental
component.

Next, we study news shocks, i.e., anticipated changes in future At. We assume At = 1
at t = 0, before it rises to At = 1 + ϵA at t = 1. From t = 1 to t = 99 the rise in At decays at
ρA = 0.8 per year before it fully perishes at t = 100. Albeit the productivity rise occurs at
t = 1, it is expected at t = 0. The lines in Figure A.14 depict impulse responses. The effects
of the news shock are analogous to the productivity shock with a delay. The increase in
aggregate credit is likewise completely driven by the increase in the fundamental credit.

4.2 Interpreting the Reduced-form Empirical Evidence

This section uses the structural model as a laboratory to provide plausible structural inter-
pretations of Facts 1 and 2. Specifically, we apply the strategies adopted in the empirical
section to counterfactual data simulated using our structural model.

Following Boppart et al. (2018), we use impulse responses as numerical derivatives
to simulate data. We use rollover, productivity, and pledgeability shocks separately to
simulate three sets of data. Small measurement errors are added to simulated variables
to avoid the issue of dynamic singularity. Each simulated data set consists of the same
variables of the same sample size as in the empirical study.

The red lines in Figure A.15 plot the IRFs to a positive debt innovation, estimated by
applying our empirical strategy to 1000 simulated data based on rollover shocks. The
solid red lines are the median IRFs out of the 1000 simulations, and the dotted red lines
indicate the 95% probability intervals. For comparison, the dashed blue lines in Figure
A.15 re-plot the effects of a positive rollover shock shown in Figure 3. The IRFs plotted in
Figure A.15 are similar to those obtained in the data.

Figure A.16 and A.17 respectively plot the simulation results based on productivity
shocks and pledgeability shocks. The results are consistent with conventional wisdom: a
credit boom is followed by significant increases in future surplus.

Our analysis demonstrates that credit bubble shocks can rationalize puzzling empiri-
cal observations.
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5 Conclusion

This paper assesses the conventional view that a firm’s credit equals its fundamental
credit, i.e., the NPV of future net flows to creditors, by inspecting the co-movement be-
tween current liabilities and future net flows to creditors. Data reveals that a credit boom
is not followed by increases in future net flows to creditors. More specifically, the net flows
to creditors drop in the short run before converging back to their initial level. Moreover,
interest rates barely change.

To interpret the puzzling empirical findings, we develop a model with financial fric-
tions and heterogeneous firms, allowing for credit bubbles. We show that shocks to credit
bubbles lead to procyclical aggregate credit and countercyclical fundamental credit. We
demonstrate that the theoretical results are driven by firms’ precautionary saving motives
arising from financial frictions.

We focus on the macro consequences of credit bubbles rather than their origin. To this
end, we model credit bubbles in an environment with rational and informed investors.
However, it is worth noting that future research exploring the micro-foundations of credit
bubbles could offer valuable insights in this area.
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Online Appendix to “Rolled-over Credit Cycles”

1 Figures

Figure A.1: Responses to Total Liabilities Innovation (Max-share): Pre-2007Q4 Sample

Note: This figure plots the impulse response functions to a positive max-share innovation to total liabili-
ties using the pre-2007Q4 sample. The max-share innovation is constructed as the linear combination of
reduced-form residuals that maximizes the fluctuations in total liabilities at the business cycle frequency.
The shaded areas indicate the 95% confidence bands constructed using the bootstraps technique. The point
estimates and confidence bands are corrected for the small sample bias following Kilian (1998)’s method.
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Figure A.2: Responses to Total Debt Innovation (Max-share)

Note: This figure plots the impulse response functions to a positive max-share innovation to the total debt.
The max-share innovation is constructed as the linear combination of reduced-form residuals that maxi-
mizes the fluctuations in the total debt at the business cycle frequency. The shaded areas indicate the 95%
confidence bands constructed using the bootstraps technique. The point estimates and confidence bands
are corrected for the small sample bias following Kilian (1998)’s method.
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Figure A.3: Responses to Total Liabilities Innovation (Zero Restrictions)

Note: This figure plots the impulse response functions to a positive innovation to total liabilities, constructed
using the recursive identification strategy. The shaded areas indicate the 95% confidence bands constructed
using the bootstraps technique. The point estimates and confidence bands are corrected for the small sam-
ple bias following Kilian (1998)’s method.
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Figure A.4: Responses of the NPV of Surpluses to total liabilities innovations: Alternative
ρ

(a) ρ = 0.7 (b) ρ = 0.8

(c) ρ = 0.9 (d) ρ = 0.99

Note: This figure plots responses of the NPV of surpluses to total liabilities innovations under alternative
calibrations of ρ. The IRFs are constructed using the IRFs of surpluses and the interest rate, according
to equation (9). The shaded areas indicate the 95% confidence bands constructed using the bootstraps
technique. The point estimates and confidence bands are corrected for the small sample bias following
Kilian (1998)’s method.
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Figure A.5: Responses of the NPV of Surpluses to total liabilities innovations: Alternative
rt

Note: This figure plots responses of the NPV of surpluses to total liabilities innovations constructed based
on estimated VARs that include alternative measures of real interest rates. The IRFs are constructed using
the IRFs of surpluses and the interest rate, according to equation (9). The shaded areas indicate the 95%
confidence bands constructed using the bootstraps technique. The point estimates and confidence bands
are corrected for the small sample bias following Kilian (1998)’s method.
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Figure A.6: Responses to Total Liabilities Innovation: Alternative Measure of Surpluses

Note: This figure plots the impulse response functions to a positive max-share innovation to total liabilities
using an alternative measure of surpluses. The max-share innovation is constructed as the linear com-
bination of reduced-form residuals that maximizes the fluctuations in total liabilities at the business cycle
frequency. The shaded areas indicate the 95% confidence bands constructed using the bootstraps technique.
The point estimates and confidence bands are corrected for the small sample bias following Kilian (1998)’s
method.
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Figure A.7: Responses to Total Liabilities Innovation (Max-share): Re-scaled by Equity

Note: This figure plots the impulse response functions to a positive max-share innovation to total liabil-
ities based on a VAR model using variables re-scaled by the total equity. The max-share innovation is
constructed as the linear combination of reduced-form residuals that maximizes the fluctuations in total
liabilities at the business cycle frequency. The shaded areas indicate the 95% confidence bands constructed
using the bootstraps technique. The point estimates and confidence bands are corrected for the small sam-
ple bias following Kilian (1998)’s method.
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Figure A.8: Responses to Total Liabilities Innovation (Max-share): Bigger VAR

Note: This figure plots the impulse response functions to a positive max-share innovation to total liabilities
based on a bigger VAR model that includes eight variables. The max-share innovation is constructed as the
linear combination of reduced-form residuals that maximizes the fluctuations in total liabilities at the busi-
ness cycle frequency. The shaded areas indicate the 95% confidence bands constructed using the bootstraps
technique. The point estimates and confidence bands are corrected for the small sample bias following Kil-
ian (1998)’s method.
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Figure A.9: Responses to Total Debt Innovation (Max-share): VAR in the First Difference

Note: This figure plots the impulse response functions to a positive max-share innovation to total liabilities
based on a VAR model using variables in first difference. The max-share innovation is constructed as the
linear combination of reduced-form residuals that maximizes the fluctuations in total liabilities at the busi-
ness cycle frequency. The shaded areas indicate the 95% confidence bands constructed using the bootstraps
technique. The point estimates and confidence bands are corrected for the small sample bias following Kil-
ian (1998)’s method.
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Figure A.10: Responses to Excess Bond Premium Shocks

Note: This figure plots the impulse response functions to expansionary excess bond premium shocks. The
shaded areas indicate the 95% confidence bands constructed using the bootstraps technique. The point
estimates and confidence bands are corrected for the small sample bias following Kilian (1998)’s method.
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Figure A.11: Responses to Non-Fundamental Shocks in the Credit Market

Note: This figure plots the impulse response functions to expansionary non-fundamental shocks in the
credit market. Our identification strategy relies on the assumption that once controlled for shocks that affect
the real interest rate, the shock that maximizes the forecast error variance decomposition of the liability-
fundamental differential in the subsequent periods is a non-fundamental shock in the credit market. The
shaded areas indicate the 95% confidence bands constructed using the bootstraps technique. The point
estimates and confidence bands are corrected for the small sample bias following Kilian (1998)’s method.
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Figure A.12: Model Prediction: Responses to Pledgeability Shocks
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Note: This figure plots the IRFs to pledgeability shocks in the model.
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Figure A.13: Model Prediction: Responses to Productivity Shocks
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Note: This figure plots the IRFs to productivity shocks in the model.
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Figure A.14: Model Prediction: Responses to News Shocks
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Note: This figure plots the IRFs to news shocks in the model.
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Figure A.15: Model Simulation conditional on Rollover Shocks
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Note: The dashed blue lines plot the effects of a rollover shock in the model. The red lines plot the IRFs
to a positive debt innovation, estimated by applying our empirical strategy to 1000 simulated data based
on rollover shocks. The solid red lines are the median IRFs out of the 1000 simulations, and the dotted red
lines indicate the 95% probability intervals.
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Figure A.16: Model Simulation conditional on Productivity Shocks
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Note: The dashed blue lines plot the effects of a productivity shock in the model. The red lines plot the IRFs
to a positive debt innovation, estimated by applying our empirical strategy to 1000 simulated data based
on productivity shocks. The solid red lines are the median IRFs out of the 1000 simulations, and the dotted
red lines indicate the 95% probability intervals.
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Figure A.17: Model Simulation conditional on Pledgeability Shocks
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Note: The dashed blue lines plot the effects of a pledgeability shock in the model. The red lines plot the
IRFs to a positive debt innovation, estimated by applying our empirical strategy to 1000 simulated data
based on pledgeability shocks. The solid red lines are the median IRFs out of the 1000 simulations, and the
dotted red lines indicate the 95% probability intervals.
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2 Appendix for Empirical Analysis

2.1 Data
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Figure A.18: Non-financial Firms in the United States

We use data from the Financial Accounts of the United States, previously known as
the Flow of Funds Accounts. We combine flows of funds data for non-financial corporate
businesses (Table F.103) and non-financial non-corporate businesses (Table F.104).

The total liabilities are the sum of the total liabilities (excluding equities) for non-
financial corporate and non-financial non-corporate firms.

The surplus (St) is constructed as the "gross saving less net capital transfers paid"
for both corporate business (Table F.103 line 8) and non-corporate non-financial business
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(Table F.104 line 2) + "changes in equities" (Table F.103 line 43 and Table F.104 line 32) −
"total capital expenditures" (Table F.103 line 8 plus Table F.104 line 4) − "new acquisition
of financial assets" (Table F.103 line 15 plus Table F.104 line 8).

The total debt is the sum of the total debt for non-financial corporate and non-financial
non-corporate firms. The total interest payment is the sum of interest paid for non-
financial corporate and non-financial non-corporate firms. Figure A.18 plots the data we
used from the Financial Accounts of the United States.

We use Gilchrist and Zakrajšek (2012)’s excess bond premium, which is updated by
Favara et al. (2016).

The remaining variables are taken from FRED: the real gross domestic product (real
GDP), GDP deflator, total capital expenditure, personal consumption expenditure, un-
employment rate, Moody’s Baa Corporate Bond Yield, the US corporate index effective
yield, the BBB US corporate index effective yield, and the CCC & lower US high yield
index effective yield. All nominal variables are re-scaled by the GDP deflator to obtain
their real values.

2.2 Cash Flow Equation

This section builds upon Cochrane (2021) and Hamilton and Flavin (1986) to study firms’
liabilities. We collect all non-financial firms’ zero-coupon debt of a given maturity j into
group j. Let dj,t denote the market value of a debt of the group j at the end of period t,
and qj,t is the price of the debt j at time t. Let Dt denote the real market value of total
non-financial firms’ debt held by the market at the end of period t: Dt ≡ ∑j qj,tdj,t.

Investors’ return (Rt+1) of holding the portfolio of non-financial firms’ debt depends
on prices (taking into account potential default). The return of such a portfolio is defined
as:

Rt+1 ≡
∑j qj,t+1d′j,t

∑j qj,tdj,t
, (42)

where d′j,t is the the amount of outstanding debt at time t that are not defaulted.
The derivation starts with the following cash flow identity:

∑
j

qj,t+1d′j,t = St+1 + ∑
j

qj,t+1dj,t+1, (43)

19



where St+1 denotes the surplus of non-financial firms: gross saving plus changes in total
equity (market value) minus total investment. The total investment includes both the
capital investment and the financial investment.

Equation (42) implies ∑j qj,t+1d′j,t = Rt+1 ∑j qj,tdj,t, plus this into the cash flow identity:

Rt+1 ∑
j

qj,tdj,t = St+1 + ∑
j

qj,t+1dj,t+1. (44)

Using the notation of the real market value of total non-financial firms’ debt leads to the
equation (1) in the main text:

Rt+1Dt = St+1 + Dt+1.

Note that allowing for non-zero coupon debt does not change the final equation, see
Hamilton and Flavin (1986) for an alternative derivation that allows for coupon pay-
ments.1

2.2.1 Log Linearization

To construct the effects of debt innovations on its fundamental component, we first log
linearize the equation (1), then substitute it forward to obtain the log linearized funda-
mental as the discounted sum of future surpluses and interest rates.

Divide (1) by its counter-part at the BGP and take log on both hand side of the equa-
tion:

r̂t+1 + d̂t = log(
St+1

S + D
+

Dt+1

S + D
), (45)

where S and D are the surplus and debt on the BGP and a variable with hat denotes the
log deviation of the variable from its BGP. Because surplus can be negative in the data,
we linearize the equation (1) in surplus in percentage deviation from its sample mean. To
do so, first rewrite the previous equation as

r̂t+1 + d̂t = log
(

s̃t+1
S

S + D
+

Dt+1

D
D

S + D
+

S
S + D

)
, (46)

1Interest payment does not enter directly into the right hand side of the equation (1), see Hamilton and
Flavin (1986) for detailed explanations in the context of government bond.
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where s̃t+1 ≡ St+1−S
S is the surplus in percentage deviation from its sample mean. Replace

the right-hand side with its first-order Taylor approximation and neglect the constant
terms

r̂t+1 + d̂t =
S

S + D
s̃t+1 +

D
S + D

d̂t+1, (47)

To be able to implement the equation to the data, we expand the equation around the
point where surplus and debt grow at the common rate. The previous equation can be
re-written as:

r̂t+1 + d̂t = (1 − ρ)s̃t+1 + ρd̂t+1, (48)

where ρ ≡ 1
sd+1 and sd denotes the surplus-to-debt ratio on the BGP. Substitute equation

(48) forward, and impose the no-Ponzi-game condition to obtain the fundamental com-
ponent of the debt:

f̂t =
∞

∑
h=0

ρh [(1 − ρ)s̃t+h+1 − r̂t+h+1] , (49)

2.3 Aggregation

This section derives the aggregate cash flow Equation (7) and the aggregate fundamental
component Equation (9) with heterogeneous firms.

Following the derivations illustrated in Appendix 2.2, one can show that the cash flow
equation holds at the firm level:

RjtDjt−1 − Djt = Sjt, (50)

where Djt, Rjt, and Sjt respectively denote the outstanding debt, the average interest rate
on the debt, and the surplus for firm j. Note that Equation (50) also holds for new firms,
whose Djt−1 = 0. Equation (50) holds in expectation:

Djt = Et

[
1

Rjt+1

(
Sjt+1 + Djt+1

)]
. (51)
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The aggregate outstanding debt (liability) is equal to

Dt = ΣjDjt = Et

{
Σj

[
1

Rjt+1

(
Sjt+1 + Djt+1

)]}
= Et

[(
S′

t+1 + D′
t+1
)]

, (52)

where S′
t+1 ≡ Σj

1
Rjt+1

Sjt+1, D′
t+1 ≡ Σj

1
Rjt+1

Djt+1.
Next, log-linearize Equation (52) to obtain

d̂t = (1 − ρ)ŝ′t+1 + ρd̂′t+1, (53)

where ρ ≡ D′
S′+D′ .

Note that

logS′
t+1 = logSt+1 + logΣj

1
Rjt+1

Sjt+1

St+1
= logSt+1 + logΣj

1
Rjt+1

Sjt+1

St+1

= logSt+1 − log Rs
t (54)

where Rs
t+1 ≡

(
Σj

1
Rjt+1

Sjt+1
St+1

)−1
. Hence

ŝ′t+1 = ŝt+1 − r̂s
t+1. (55)

Similarly, define Rd
t+1 =

(
Σj

1
Rjt+1

Djt+1
Dt+1

)−1
, and we have

d̂′t+1 = d̂t+1 − r̂d
t+1. (56)

We can thus rewrite (53) into

d̂t = (1 − ρ)s̃t+1 + ρd̂t+1 − r̂t+1. (57)

where r̂t+1 ≡
[
(1 − ρ)r̂s

t+1 + ρr̂d
t+1
]
.

The equation (57) is similar to the log linearized version of equation (1). In a complex
economy with heterogeneous interest rates across firms, the aggregate cash flow equation
features an aggregate interest rate, which is a weighted average of firm-level interest rates.

Solve equation (57) forward, and impose the no-Ponzi-game condition to obtain the
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aggregate fundamental component:2

f̂t =
∞

∑
h=0

(ρ)h [(1 − ρ)s̃t+h+1 − r̂t+h+1] , (58)

Discussions With heterogeneous firms, rt+1 reflects the average interest rate where the
weights of different firms’ interest rates depend on the relative sizes of firms’ surplus and
debt. However, the functional form that links the aggregate debt with current and future
aggregate surplus remains unchanged. Note that we do not directly observe rt+1 and ρ

in the data. In the robustness checks, we verify that our empirical results are robust to
alternative measures of ρ and Rt.

Note that the derivation allows for the entry and default of firms.

3 Model Appendix

3.1 Proof of Proposition 1

We prove this proposition for incumbent firms. The same reasoning can be applied to
the optimization problem of potential entrants. Suppose that the optimal path for firm j
can be represented by policy functions k∗t

(
φjt,λjt

)
, F∗

t
(

φjt,λjt
)
, B∗

t
(

φjt,λjt
)

for ∀t, which
respectively denote policy functions for k jt+1, Fjt+1, Bjt+1.3 Moreover, at τ,
qB

τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
B∗

τ

(
φjτ,λjτ

)
< Bjτ. As in the main text, the corresponding value

of firm j is denoted by Vt
(

φjt,λjt
)
. We label this path as Path 1. Note that idiosyncratic

states can be sufficiently summarized by φjt, xjt and Bjt. Therefore hereafter we replace
λjt with xjt and Bjt.

We need to prove that, when choosing qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 = Bjτ, the net

present value of expected dividends is at least as great as Vτ

(
φjτ, xjτ, Bjτ

)
. Consider an

alternative path: at τ, the firm chooses qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 = Bjτ, Fjτ+1 =

F∗
τ

(
φjτ, xjτ, Bjτ

)
+ B∗

τ

(
φjτ, xjτ, Bjτ

)
− Bjτ+1, k jτ+1 = k∗τ

(
φjτ, xjτ, Bjτ

)
; at τ+ 1, the firm chooses

Bjτ+2 = B∗
τ+1

(
φjτ+1, xjτ+1, B∗

τ

(
φjτ, xjτ, Bjτ

))
, Fjτ+2 = F∗

τ+1
(

φjτ+1, xjτ+1, B∗
τ

(
φjτ, xjτ, Bjτ

))
,

2no-Ponzi-game condition implies that Fjt = Djt for ∀t, j. Hence Ft = Dt, i.e., ft = dt.
3Throughout this paper, we assume that there exsit unique solution to policy functions and value func-

tions. We follow the typical procedure in the literature by verifying that our iterative numerical solution
leads to the same results, given different initial guesses. We also assume that the probability of repayment
is greater than zero over the state space, which can also be verified in the numerical exercise.
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k jτ+2 = k∗τ+1
(

φjτ+1, xjτ+1, B∗
τ

(
φjτ, xjτ, Bjτ

))
; ∀t > τ + 1, k jt+1 = k∗t

(
φjt, xjt, Bjt

)
, Fjt+1 =

F∗
t
(

φjt, xjt, Bjt
)
, Bjt+1 = B∗

t
(

φjt, xjt, Bjt
)
. We label this path as Path 2.

It is straightforward to prove that, compared with the supposely optimal Path 1, Path
2 generates exactly the same sequence of dividends (and therefore the same default prob-
ability) for all t ≥ τ, regardless of the realization of φjt. In fact, ∀t ≥ τ + 1, control variables
k jt+1, Fjt+1, Bjt+1 are the same across two paths for any realization of φjt, µt.

Moreover, we can verify that along Path 2, at τ + 1, qB
jt+1Bjτ+2 ≤ Bjτ+1. Along Path 2,

Bjτ+1 =
Bjτ

qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

) .

According to Equation (22), the price schedule qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
is pinned down

by the default probability at τ + 1. Since the default probabilities are the same at τ + 1
across the two paths, the price schedules are the same at τ + 1 across the two paths.
Therefore along Path 2 we have

Bjτ+1 =
Bjτ

qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

) > B∗
τ

(
φjτ, xjτ, Bjτ

)
.

Along Path 1, at τ + 1, qB
jt+1Bjτ+2 ≤ Bjτ+1 = B∗

τ

(
φjτ, xjτ, Bjτ

)
. Furthermore, qB

jτ+1Bjτ+2 are
the same across Path 1 and Path 2. We can thus verify that along Path 2, qB

jt+1Bjτ+2 ≤
B∗

τ

(
φjτ, xjτ, Bjτ

)
< Bjτ+1.

To sum up, when choosing qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 = Bjτ, the net present value

of expected dividends is at least as great as Vτ

(
φjτ, xjτ, Bjτ

)
. Note that we construct Path

2 so that it is simply as good as the supposedly optimal path, yet Path 2 is not necessarily
the actual optimal path.

An incumbent firm faces the constraint qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 ≤ Bjτ. The

proof above applies to the optimization problem of potential entrants if we replace the
right-hand-side upper bound Bjτ with sjτB0. In fact, the reasoning also works if we re-
place the upper bound Bjτ with an arbitrary number B̄: at τ, if firm j faces the constraint

qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 ≤ B̄,

and Bjt+1 follows (23) ∀t > τ and can be rolled over indefinitely, it is optimal to choose

qB
τ

(
φjτ,Kjτ+1, Fjτ+1, Bjτ+1

)
Bjτ+1 = B̄.

24



In a nutshell, it is always optimal to maximize the borrowing in indefinite rollover debts
B.

3.2 Define an Equilibrium

A recursive competitive bubbly equilibrium consists of: i) value functions Vt (φ, x̃) and
Ve

t (φ) ii) policy functions k∗t (φ, x̃), F∗
t (φ, x̃) and B∗

t (φ, x̃, B), iii) the measure of entrants
ζt(φ, s), the measure of surviving firms ηt(φ, x̃, B), iv) the initial bubble component B0 , v)
debt price schedule qF

t (φ, F′,k′), and vi) the investment return Rt , such that for all t,
1. Vt (φt, x̃t) solves the optimization problem of incumbent firms, which is described by

Vt (φ, x̃) = max
F′,k′

{
x̃ − k′ + qF

t
(

φ, F′,k′
)

F′ +
1

Rt+1

∫
Vt+1

(
φ′, x̃′

)
dJ
(

φ′|φ
)}

, (59)

x̃ − k′ + qF
t
(

φ, F′,k′
)

F′ ≥ 0, (60)

where k∗t (φ, x̃) and F∗
t (φ, x̃) solve the optimal k′ and F′ respectively. B∗

t (φ, x̃, B) follows

B∗
t (φ, x̃, B) =

Rt+1

pn
t+1 (φ, F′,k′)

B, (61)

where pn
t+1 (φ, F′,k′) denotes the probability of repaying at t + 1, in which k′ = k∗t (φ, x̃)

and F′ = F∗
t (φ, x̃).

2. The value of firm entry is given by

Ve
t (φ, s) = Vt (φ, sB0) .

k∗t (φ, sB0), F∗
t (φ, sB0), and B∗

t (φ, sB0, sB0) solve the optimal k′ and F′ respectively for en-
trants.
3. The measure of entrants is given by

ζt(φ, s) = Mt

∫
1{Ve

t (φ, s) ≥ 0}dω (φ) ,

where ω (φ) denotes the distribution of initial φ.
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4. The measure of surviving firms is given by

ηt+1(φ′, x̃′, B′) =
∫

1
{

x̃′ ≥ xt
(

φ′)}× 1
{

B′ = B∗
t (φ, x̃, B)

}
× 1

{
x̃′ = A′φ′ (k∗t (φ, x̃))α − c f + (1 − δ) k∗t (φ, x̃)− F∗

t (φ, x̃)
}
× j
(

φ′|φ
)

dηt(φ, x̃, B)

+
∫

1
{

x̃′ ≥ xt
(

φ′)}× 1
{

B′ = B∗
t (φ, sB0, sB0)

}
× 1

{
x̃′ = A′φ′ (k∗t (φ, sB0))

α − c f + (1 − δ) k∗t (φ, sB0)− F∗
t (φ, sB0)

}
× j
(

φ′|φ
)

dζt(φ, s)

where j (φ′|φ) denotes the density of the transition probability J (φ′|φ), x (φ) denotes the
cutoff adjusted net worth of defaulting. Note that A′ is known at t as there exists no
aggregate uncertainty.
5. The investment return is equal to

Rt ≥
1
β

.

6. The debt price schedule is characterized by

qF
t
(

φ, F′,k′
)
=

1
Rt+1

[(
pn

t+1
(

φ, F′,k′
)

F′ +
(
1 − pn

t+1
(

φ, F′,k′
))

γt+1k′
)]

.

3.3 Debt Decomposition

In Section 3.3 we assume that only unsecured debt can be rolled over indefinitely. This as-
sumption is for clarification purposes but not crucial for our results. We now demonstrate
that the analysis in 3.5 remains robust in a more generic scenario: firms can indefinitely
roll over secured debts.

Without loss of generality, suppose firms issue two debts, Debt X and Debt Y, which
are priced by

qX
jt bX

jt+1 =
1

Rt+1

[(
pn

jt+1bX
jt+1 +

(
1 − pn

jt+1

)
γX

t+1k jt+1

)]
, (62)

qY
jtb

Y
jt+1 =

1
Rt+1

[(
pn

jt+1bY
jt+1 +

(
1 − pn

jt+1

)
γY

t+1k jt+1

)]
. (63)

bX and bY denote the face value, and qX
jt and qY

jt denote the price of Debt X and Y, respec-
tively. If firm j defaults at t + 1, the creditors of Debt X retrieve collateral γX

t+1k jt+1, and
the creditors of Debt Y retrieve collateral γY

t+1k jt+1. γX
t + γY

t = γt for all t.
In addition, we assume that Debt X is subject to no-Ponzi-game condition, whereas
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the existing amount of Debt Y can be persistently rolled over such that

qY
jtb

Y
jt+1 ≤ bY

jt (64)

Similar to Proposition 2, it is always optimal for firms to fully roll over the Debt Y, i.e.,
qY

jtb
Y
jt+1 = bY

jt, instead of repaying the debt with firms’ surplus.4 Therefore we can rewrite
(63) into

qY
jtb

Y
jt+1 =

1
Rt+1

Et

(
f Y
jt+1 + qY

jt+1bY
jt+2

)
, (65)

where

f Y
jt ≡

0, if repay

γY
t k jt. if default

.

Combining (17) with (65), we obtain

qX
jt bX

jt+1 =
1

Rt+1
Et

(
f X
jt+1 + qX

jt+1bX
jt+2

)
, (66)

where

f X
jt ≡

πjt − divjt − Ijt, if repay

γX
t k jt, if default

.

f X
jt and f Y

jt can be viewed as the net payment from the borrower to the creditors of Debt
X and Y, respectively.

The total income from issuing debts, qX
jt bX

jt+1 + qY
jtb

Y
jt+1, can be decomposed into two

components, F̃jt and B̃jt

F̃jt ≡ qX
jt bX

jt+1 + Σ∞
τ=t

(
Πτ

i=t
1

Ri+1

)
Et f Y

jτ+1 = Σ∞
τ=t

(
Πτ

i=t
1

Ri+1

)
Et f jτ+1. (67)

B̃jt ≡ qY
jtb

Y
jt+1 − Σ∞

τ=t

(
Πτ

i=t
1

Ri+1

)
Et f Y

jτ+1 = lim
τ→∞

(
Πτ

i=t
1

Ri+1

)
EtqY

jτbY
jτ+1. (68)

(67) is derived by imposing the no-Ponzi-game condition limτ→∞

(
Πτ

i=t
1

Ri+1

)
EtqX

jτbX
jτ+1 =

4The proof in Appendix 3.1 applies here: one need only to replace F in the proof with Debt X, and
replace B in the proof with Debt Y.
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0. It is immediate that F̃jt = qF
jtFjt+1 and B̃jt = qB

jtBjt+1 for all t. Note that

B̃jt =
1

Rt+1
Et lim

τ→∞

(
Πτ

i=t+1
1

Ri+1

)
EtqB

jτbB
jτ+1 =

1
Rt+1

EtB̃jt+1. (69)

The bubble component is expected to be perfectly rolled over. bX
jt + bY

jt can be accordingly
decomposed into Fjt and Bjt. Since Bjt gets rolled over, the optimization problem is indeed
equivalent to choosing optimal investment and the external finance through fundamental
component that equals the NPV of net flows to creditors. In a nutshell, the optimization
problem is mathematically equivalent to the one described by (38) and (39).

It is straightforward to show that the decomposition above pertains to firms issuing
any n ∈ N+ types of debts, regardless of whether the debts are secured. Provided that a
firm can indefinitely roll over a fraction of its debts, it solves the optimization problem as
if it issues only the two types of debts, F and B, which are defined in Section 3.3.

Hence we can always decompose the total income from issuing debts into a funda-
mental component, which is equal to the net present value of the net flows to credi-
tors, and an indefinite rollover component, which is backed by the expectation of future
rollover. More importantly, we can treat the two components equivalently as the two
debts F and B that are introduced in Section 3.3.

3.4 The Sustainability of Bubbles

The aggregate credit bubble BA can be decomposed into

BA = BI + BN,

where BI represents the aggregate credit bubble of incumbent firms, BN represents the
aggregate credit bubble of entrants. According to Equation (22) and (31), BI follows

B′
I =

∫ [(
qB
∗ (φ, x̃)

)−1
B
]
· [pn

∗ (φ, x̃)]dη (φ, x̃, B)

=
∫ [( 1

R
· pn

∗ (φ, x̃)
)−1

B

]
· [pn

∗ (φ, x̃)]dη (φ, x̃, B)

= R
∫

B · dη
(

φ, B,k′
)
= RBA, (70)
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where η (φ, x̃, B) denotes the measure of the incumbents and entrants,5 qB
∗ (φ, x̃) and pn

∗ (φ, x̃)
respectively denote the price of bubble component and the probability of repayment
along a BGP, when firms choose the optimal k′ and F′ given state variables φ and x̃. The
law of motion for the BA is described by

B′
A = RBA + pBB0N′. (71)

Here, BN = pBB0N, where N denotes the number of entrants. The ratio B′
A

Y′ follows

B′
A

Y′ = R
BA

Y
Y
Y′ +

pBB0N′

Y′ =
R

1 + g
BA

Y
+

pBB0N0

Y0
, (72)

where N0
Y0

denotes the number of entrants normalized by the aggregate output along a
BGP. Equation (72) uses the fact that along a BGP, the number of entrants, the aggregate
output Y, and the aggregate credit bubble BA all increase at the rate g. Insofar as R

1+g < 1,

i.e., β (1 + g) > 1, Equation (72) implies that along a BGP, B′
A

Y′ stays at the fixed point(
1 − R

1+g

)−1 pBB0N0
Y0

.

3.5 An Example

This appendix uses a stylized example to help develop the intuition of credit bubbles and
understand the assumptions in our full model.

3.5.1 Credit Bubbles

Consider a small open economy with a unit continuum of risk-neutral entrepreneurs,
where each entrepreneur operates a firm. For simplicity, we assume that every firm is a
shell company that generates zero operating profit (π = 0). Entrepreneurs have the option
to save in a competitive and frictionless international financial market, which offers a risk-
free interest rate R on deposits.

The only uncertainty in the economy is an idiosyncratic death shock that occurs iid
across firms and time, with prob 1 − p. The death shocks are realized at the beginning
of each period: if it draws a death shock, a firm exits the market immediately and per-
manently before debt repayment is made. The exiters are replaced by the same amount

5Here entrants can be viewed as incumbents with x̃ = sB0 and B = sB0, where s = 1 with prob pB, and
s = 0 with prob 1 − pB.
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of new entrants. Firms can raise funds from the international financial market. Debts
are unbacked by physical collateral. For simplicity, we assume there exists no voluntary
default–an assumption we relax later. To compensate for the (involuntary) default risk, a
firm borrows from the financial market by paying a borrowing rate R

p .
The intertemporal budget constraint of firm j can be written as

Djt =
R
p

Djt−1 + divjt. (73)

Djt denote the amount firm j borrows at t. Djt−1 = 0 for new firms. Solving (73) forward
leads to

Djt = −Σ∞
τ=1

( p
R

)τ
divjt+τ + lim

τ→∞

( p
R

)τ
Djt+τ. (74)

Here the net flow to lenders (conditional on repayment) at t is equal to −divt.
Similar to (3), the second term on the right-hand-side represents the difference be-

tween the value of debt and the NPV of the expected net flows to the financial market.
We denote the difference credit bubbles.

3.5.2 Indefinite Rollover

Next we show that credit bubbles can be replicated with a certain type of debts. Assume
that firms are not binded by no-Ponzi-game condition. Speficifically, firms issue two types
of debts, DF and DB. Similar to the standard debt in the literature, DF is subject to no-
Ponzi-game condition, limτ→∞

( p
R
)τ DF

jt+τ = 0, i.e., DF cannot be rolled over indefinitely.
Moreover, we follow Hellwig and Lorenzoni (2009) by assuming that, DB can be rolled

over permanently, but is subject to the following constraints:

DB
jt ≤

R
p DB

jt−1, (incumbent firms)

B0, (new firms)
. (75)

To put it differently: new firms can borrow DB up to B0; afterwards firms can roll over the
initial stock B0 but cannot issue new DB. This debt is analogous to the "unbacked public
debt" by Hellwig and Lorenzoni (2009).

What if firms are not subject to the borrowing limits in (75), and instead, can borrow
unconstrained level of DB? Suppose at t firm j borrows DB

jt = M + R
p Djt−1 and rolls it

over from period to period, i.e., DB
jτ =

R
p DB

jτ−1 ∀τ > t. Under such a circumstance, one can
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easily derive DF
jt = −Σ∞

τ=1
( p

R
)τ divjt+τ using (74). The corresponding NPV of dividends

is
Σ∞

τ=0

( p
R

)τ
divjt+τ = M + DF

jt + Σ∞
τ=1

( p
R

)τ
divjt+τ = M.

Hence, in the absence of borrowing limits, a firm can choose M →+∞ to have an infinite
NPV of expected dividends.

We have the following Proposition.

Proposition 2. ∀t, it is optimal for a firm j to choose

DB
jt =

R
p DB

jt−1, (incumbent firms)

B0, (new firms)
. (76)

Proof. At t, the NPV of expected dividends is equal to

Σ∞
τ=t

( p
R

)τ−t
divjτ = Σ∞

τ=t

( p
R

)τ−t
(

Djτ −
R
p

Djτ−1

)
(77)

= Σ∞
τ=t

( p
R

)τ−t
[

DF
jτ + DB

jτ −
R
p
(DF

jτ−1 + DB
jτ−1)

]
= lim

τ→∞

( p
R

)τ−t(
DF

jτ + DB
jτ

)
− R

p
Djt−1

= lim
τ→∞

( p
R

)τ−t
DB

jτ −
R
p

Djt−1.

Given constraint (75), firm j maximizes its NPV of expected dividends by maximizing the
path

{
DB

jτ

}∞

τ=t
:

DB
jt =

R
p DB

jt−1, (incumbent firms)

B0, (new firms)
.

One can also use the reasoning above to prove that if a firm is allowed to roll over DB
jτ

perpetually starting from τ = t + 1, the firm would always maximize DB
jt.

It is immediate from (76) that DF
jt = −Σ∞

τ=1
( p

R
)τ divjt+τ DB

jt = limτ→∞
( p

R
)τ Djt+τ, i.e.,

DB
jt is equal to the credit bubble component.
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Default, Lenders, and Self-enforcing Debt Limit So far we have demonstrated that
the debt DB is equal to the credit bubble of a borrower. We also show that borrowers are
willing to borrow as much DB as they can. As to lenders, obviously, in a world without
voluntary default, lenders are indifferent between these debts as they yield same expected
return.

Next we illustrate why rational lenders are willing to lend this type of debts, in a
scenario with potential voluntary default.

Assume that firms can voluntarily default on their debt: if they default, they exit the
market and lose the access to the credit market. Moreover, we assume that firms cannot
issue negative dividends. (76) implies that DB

jt is perpetually repaid by future debts (from
lenders): ∀t, j

DB
jt =

p
R

DB
jt+1. (78)

(78) ensures that firms have no incentive to voluntarily default on their debt, i.e., DB
jt is

self-enforcing.6 Therefore the right-hand-side of (78) can be interpreted as collateral, de-
spite that the collateral is future debts instead of assets (or future income) in a typical
collateral constraint. (78) can be viewed that, given future debt p

R DB
jt+1, lenders provide

the maximum amount of DB
jt that is incentive compatible with repayment.

Unlike DB, DF is unbacked by any physical collateral or indefinite rollover, therefore
the upper limit of DF is

DF
jt ≤ 0. (79)

Specifically, defaulting at t + 1 allows firm j to keep R
p

(
DF

jt + DB
jt

)
, whereas the loss is

DF
jt+1 + DB

jt+1 + Σ∞
τ=2

( p
R

)τ
divjt+τ = DB

jt+1.

Hence the incentive compatible constraint is R
p

(
DF

jt + DB
jt

)
≤ DB

jt+1, i.e., (79).7

6DB
jt here is analogous to "self-enforcing debts" and "unbacked public debts" by Hellwig and Lorenzoni

(2009) and "bubbly collateral" by Martin and Ventura (2016).
7We use the result that, if voluntary default does not occur (i.e., credit contracts are incentive compati-

ble), DF
jt = −Σ∞

τ=1
( p

R
)τ divjt+τ and DB

jt =
p
R DB

jt+1.
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Firm Entry, Exit, and Sustainability of Bubbles It is easy to derive the law of motion
for the aggregate credit bubble BA

BA
t+1 =

R
p
· p · BA

t + p · B0 (80)

= R · BA
t + p · B0.

In the absence of aggregate uncertainty, the aggregate credit bubble converges to BA =
pB0

1−R . It is obvious that the law of motion is stationary only if R < 1; otherwise the size of
credit bubbles would eventually outgrow and deplete the resources in the world.

Firm entry and exit are crucial for bubbles to be sustainable, if firms earn positive
operation profit and can issue positive dividends in the long run, as in our full model. In
the absence of firm entry and exit, i.e.. p = 1, the value of a firm (the NPV of dividends)
become infinity as R < 1. For the value of firms to be finite, one need p < R < 1.

In our full model, the long run growth rate is equal to the growth rate of firm numbers,
g. Bubbles are sustainable along a BGP if R < 1 + g.

An Unexpected Increase in Credit Bubbles Finally, consider an unexpected MIT shock
(with zero probability) at t: incumbent firms are allowed to borrow DB

t = R
p DB

jt−1 + ∆.
The shock is driven by a market sentiment change and is captured by ∆: firms are now
allowed to borrow ∆ in addition to R

p DB
jt−1, the required amount for rollover.

Furthermore, we assume that, for an unspecified reason, firms pay zero dividends.
This assumption makes firms analogous to the financially constrained firms in our full
model. As to an incumbent firm, according to budget constraint (74), we get

DF
jt =

R
p

DF
jt−1 − ∆. (81)

(81) implies that
∂DF

jt
∂∆ < 0. Since firms cannot pay dividends, they use the newly issued

DB
jt to reduce DF

jt.
Note that in our full model, financially constrained firms also pay zero dividends. The

major difference in the full model is that firms choose not only future repayment F′, but
also future capital stock k′. In Section 4.1 we study the impulse responses following an
unexpected increase in credit bubbles. Firms can either save the increase in F′ (reduce F′)
or save in their capital stock k′.
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4 Numerical Appendix

Before we proceed to the algorithm, it is useful to establish some results regarding the
optimal behavior of firms. The optimization problem defined in (38) and (39) is well
investigated by the literature:8 1) there exist a cutoff level of adjusted networth, x (φ),
below which firms default; 2) there exist a cutoff level of adjusted networth, x̄ (φ), above
which firms become financially unconstrained, i.e., firms can perpetually choose the un-
constrained level of capital; 3) firms with x̃ ∈ [x (φ) , x̄ (φ)] are financially constrained and
set their dividends to zero.

Balanced Growth Path Along a BGP, state space can be fully summarized by idiosyn-
cratic productivity φ, and adjusted net worth x̃, which is defined by (37). We follow the
standard numerical approach to solve the problem.
1. Solve for pn (φ,k′, F′), the probability of repaying in the subsequent period, qF (φ,k′, F′),
debt price schedule, and x (φ), the cutoff level of adjusted net worth x̃ for firms to de-
fault. Make an initial guesses for function pn (φ,k′, F′). Note that B′ does not affect the
probability of repaying, since B can always be rolled over and does not affect the ad-
justed net worth in the subsequent period. Then characterize the corresponding debt
price schedule qF (φ,k′, F′) from Equation (20). Next calculate the maximum amount of
qF (φ,k′, F′)F′ − k′ for various k′ and F′. Denote the amount by M (φ). Since dividends
are equal to x̃+ qF (φ,k′, F′)F′− k′, negative dividends are inevitable if adjusted net worth
x̃ + M (φ) < 0. Therefore the cutoff level x (φ) is equal to −M (φ). Given idiosyncratic
productivity level φ, if the adjusted net worth x̃ < x (φ), the dividend of the firm is in-
evitably negative, and the firm has to default. Provided x (φ), we can then update the
guess of probability pn (φ,k′, F′). Iterate this process until both pn (φ,k′, F′) and x (φ) con-
verge.
2. Solve for vu

c (φ), the continuation value function of financially unconstrained firms,
x̄ (φ), the cutoff level of adjusted net worth x̃ for firms to be financially unconstrained,
and ku (φ) and Fu (φ), the policy functions for financially unconstrained firms. ku (φ)

can be solved by equating the marginal return on investment to risk-free interest rate.
Unconstrained firms are indeed indifferent between −F′ (saving) and paying dividends

8See the discussions of Ottonello and Winberry (2020). Khan and Thomas (2013), and Arellano et al.
(2019) study a more complicated version of this problem, with aggregate states included in the state space.
Ottonello and Winberry (2020) and Jeenas (2019) solve the problem at steady states. Like us, they can
remove the aggregate states from the state space.
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as they remain unconstrained in the subsequent periods with probability one. To resolve
the indeterminacy, we follow Khan and Thomas (2013) by assigning the minimum saving
policy to Fu (φ) such that unconstrained firms borrow maximum amount of Fu (φ) (or
equivalently, save the minimum amount) that ensures them to maintain unconstrained in
the future, regardless of the realization of states. Fu (φ) follows

Fu (φ) = min
φ′

{
x̂
(

φ′, φ
)
− ku (φ′)+ 1

R
Fu (φ′)} , (82)

where x̂ (φ′, φ) ≡ Aφ′ (ku (φ))α − c f + (1 + δ) ku (φ) . (82) implies that, by promising to
repay Fu (φ) in the subsequent period, firms can raise unconstrained level of capital ku (φ)

without any default risk in the subsequent period, regardless of the realization of φ′. The
debt price is equal to 1

R because of zero default risk. If firms borrow more than Fu (φ),
they can not guarantee the availability of unconstrained policy functions ku (φ) and Fu (φ)

in subsequent periods. Fu (φ) can be solved by iterative guessing and verifying. Firms
can implement the policy functions without negative dividends if adjusted net worth
x̃ − [ku (φ)− 1

R Fu (φ)]≥ 0. Hence the cutoff level x̄ (φ) is equal to ku (φ)− 1
R Fu (φ). Given

idiosyncratic productivity level φ, if the adjusted net worth x̃ ≥ x̄ (φ), firms can not only
choose unconstrained level of k′ and F′, but also remain unconstrained permanently by
persistently following the unconstrained policy functions. The continuation value vu

c (φ)

follows

vu
c (φ) = −ku (φ) +

1
R

Fu (φ) +
1
R

Nφ

∑
i=1

ω (φi|φ) [x̂ (φi, φ) + vu
c (φi)] ,

where ω (φi|φ) denotes the transition probability from φ to φi, Nφ represents the num-
ber of grids for φ. Note that in this appendix we denote the transition probability by
discrete distribution since functions are defined on discrete grids in the algorithm. We
use Tauchen method to approximate the AR1 process (13) to get the transition probability
ω (φi|φ). vu

c (φ) can be solved by iterative guessing and verifying.
3. Solve for V (φ, x̃), the value function of incumbent firms, vc (φ, x̃), the value function
of financially constrained firms, and kc (φ, x̃) and Fc (φ, x̃), the policy functions for finan-
cially constrained firms. Constrained firms issue zero dividend since the return from
self-financing the firms is higher than risk-free rate, which is also the investment return
the shareholders can get on dividends. Therefore we use bisection method to character-
ize F (φ, x̃,k′), the level of fundamental credit that satisfies zero-dividend given φ, x̃, k′.
Substitute F′ in debt price schedule qF (φ,k′, F′) with F′ = F (φ, x̃,k′) to get qF

c (φ, x̃,k′), the
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debt price schedule for constrained firms given φ, x̃, k′. The value function of financially
constrained firms vc (φ, x̃) follows

vc (φ, x̃) = max
k′

{
x̃ − k′ + qF

c
(

φ, x̃,k′
)

F
(

φ, x̃,k′
)
+

1
R

Nφ

∑
i=1

ω (φi|φ)V
(

φ′, x̃′
)}

,

where V (φ, x̃) follows

V (φ, x̃) = 1{x̃ ≥ x̄ (φ)} (x̃ + vu
c (φ)) + 1{x (φ) ≤ x̃ < x̄ (φ)}vc (φ, x̃) .

vc (φ, x̃) and V (φ, x̃) can be solved by iterative guessing and verifying. Use grid search
to pin down kc (φ, x̃), the optimal k′ for constrained firms. Substitute k′ in F (φ, x̃,k′) with
kc (φ, x̃) to obtain Fc (φ, x̃).
4. Compute the distribution of firms. As for any firm, policy functions can be represented
by

k∗ (φ, x̃) = 1{x̃ ≥ x̄ (φ)} ku (φ) + 1{x (φ) ≤ x̃ < x̄ (φ)} kc (φ, x̃) ,

F∗ (φ, x̃) = 1{x̃ ≥ x̄ (φ)}Fu (φ) + 1{x (φ) ≤ x̃ < x̄ (φ)}Fc (φ, x̃) .

Substitute k′ and F′ in pn (φ,k′, F′) with policy functions k∗ (φ, x̃) and F∗ (φ, x̃) respectively
to get pn (φ, x̃), the probability of repaying conditional on φ and x̃.9 pn (φ, x̃) is used to
characterize the law of motion for B, according to (22) and (31). Now given the law of
motion for B, policy functions k∗ (φ, x̃) and F∗ (φ, x̃), cutoff levels x̄ (φ) and x (φ), and the
transition matrix of φ, we construct the transition matrix Γ, of φ, x̃, B. Along BGP, the
relative distribution of firms remain unchanged. The detrended stationary distribution
vector η̃t follows the law of motion

η̃t+1 =
1

1 + g
Γ × η̃t + ζ̃, (83)

where ζ̃ denotes the detrended distribution vector of entrants. Iterate (83) until η̃t con-
verges to get the stationary distribution.

Transition Dynamics We characterize the perfect foresight equilibrium paths along which:
i) unexpected shocks arrive at t = 0; ii) prior to t = 0 and after t = 99, the economy is along
BGP. Use backward induction to compute: i) the value functions value functions Vt (φ, x̃)

9 pn (φ, x̃) = 1 if x̃ ≥ x̄ (φ).
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and Ve
t (φ), ii) policy functions k∗t (φ, x̃), F∗

t (φ, x̃) and B∗
t (φ, x̃, B), iii) and cutoff levels

x̄t (φ), xt (φ), from t = 99 to t = 0. Then construct transition matrix Γt and the detrended
distribution vector of entrants ζ̃t for every t from t = 0 to t = 99. Finanlly, iterate forward
the law of motion

η̃t+1 =
1

1 + g
Γt × η̃t + ζ̃t+1, (84)

to get the detrended distribution vector of firms for every t from t = 1 to t = 99.
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